Transport phenomena in sublimation dehydration by Dyer, David Fairfield
TRANSPORT PHENOMENA 
IN SUBLIMATION DEHYDRATION 
A THESIS 
Presented to 
The Faculty of the Graduate Division 
by 
David F. Dyer 
In Partial Fulfillment 
of the Requirements for the Degree 
Doctor of Philosophy 
in the School of Mechanical Engineering 
Georgia Institute of Technology 
September, 1965 
In presenting the dissertation as a partial fulfillment of 
the requirements for an advanced degree from the Georgia 
Institute of Technology, I agree that the Library of the 
Institution shall make it available for inspection and 
circulation in accordance -with its regulations governing 
materials of this type. I agree that permission to copy 
from, or to publish from, this dissertation may be granted 
by the professor under whose direction it was written, or, 
in his absence, by the Dean of the Graduate Division when 
such copying or publication is solely for scholarly purposes 
and does not involve potential financial gain. It is under-
stood that any copying from, or publication of, this dis-
sertation which involves potential financial gain will not 
be allowed without written permission. 
TRANSPORT PHENOMENA 
IN SUBLIMATION DEHYDRATION 
Approved: 





The author is grateful to many people who through the previous 
years have encouraged and aided him in his educational work. An ex-
pression of appreciation is due several men who have helped him in 
his graduate work. 
First, a special note of thanks is due Dr. J. E. Sunderland 
who serving as my advisor offered sage counsel and enthusiastic en-
couragement in this investigation and throughout the period of graduate 
study* He is to be especially commended for the personal interest which 
he manifests in his students. The constructive comments and time given 
by the thesis committee, Dr. Henry McGee and Dr. Thomas W. Jackson are 
gratefully acknowledged. Also the author is deeply appreciative of the 
assistance given by Mr. C. R. Bannister in the fabrication of the experi-
mental apparatus. Also a note of thanks is due the author's brother, 
Richard, who helped in the experimental investigation. 
The author would like to thank his parents, Mr. and Mrs. J. M. 
Dyer, Sr* for their guidance and encouragement during his early life and 
for the home environment which has helped him through his educational 
endeavor* Sincere appreciation goes to his wife, Angie, whose unceasing 
love and devotion have greatly assisted him. 
The author wishes to express his gratitude to the United States 
Department of Health, Education, and Welfare for a NDEA fellowship to 
support his graduate studies and for Public Health Research Grant 
EF 00102-02 from the Division of Environmental Food Protection which 
Ill 
provided partial support for this investigation. 
Finally, the author is supremely grateful to God for the ex-
tension of unmerited physical, mental, and spiritual blessings through-
out his life. 
IV 
TABLE OF CONTENTS 
Page 
ACKNOWLEDGMENTS. . . . . . ii 
LIST OF TABLES vi 
LIST OF ILLUSTRATIONS. . vii 
SUMMARY. . viii 
NOMENCLATURE xiv 
Chapter 
I. INTRODUCTION AND HISTORICAL BACKGROUND 1 
Freeze-Drying 
Hi.storical Development and Related Literature 
Purpose and Scope 
II. ANALYTICAL INVESTIGATION OF UNCOUPLED MASS 
AND HEAT TRANSFER 7 
Mathematical Statement of the Problem 
Governing Equations 
Boundary Conditions for Case 1 
Solution of Differential System for Case 1 
Boundary Conditions for Case 2 
Solution of Differential System for Case 2 
Discussion of Assumptions 
III. ANALYTICAL INVESTIGATION OF COUPLED MASS 
AND HEAT TRANSFER 19 
Determination of Combined Bulk and Diffusional 
Transport Rate 
Equations of Continuity, Motion, and Energy for the 
Mixture ".'.'.•..; 
Boundary Conditions 
Solution of Differential Set 
Special Case 
IV. EXPERIMENTAL INVESTIGATIONS 35 
V 
Vapor Pressure Measurement 
Permeability Coefficient Measurement 
Mutual Diffusion Coefficient Measurement 
Determination of Thermal Transpiration Effect 
V. DISCUSSION OF EXPERIMENTAL RESULTS 50 
Equilibrium Vapor Pressure 
Permeability Coefficient 
Thermal Transpiration Effect 
VI. DISCUSSION OF ANALYTICAL RESULTS 72 
Analytical Results of Chapter II \ 
Analytical Results of Chapter III 
VII. CONCLUSIONS. . ., 84 
Appendices 
A. DERIVATION OF ENERGY EQUATION 86 
B. ANALYSIS OF HYDRODYNAMIC FLOW IN POROUS MEDIA 92 
C. PERMEABILITY DATA 103 
D. ANALYTICAL RESULTS 105 
LITERATURE CITED 109 
VITA 112 
vi 
LIST OF TABLES 
Table Page 
1. Mole Fraction of Solute Species in the Solid Solution. . 58 
2. Effective Average Diffusion Coefficient 76 
3. Experimental Permeability Data = .,.., . , . . „ 103 
4. Computer Results for Case 1 and 2 106 
5. Computer Results of Chapter III for Back Face Heating. . 107 
6. Computer Results for Chapter III-No Back Face Heating. • 108 
Vll 
LIST OF ILLUSTRATIONS 
Figure Page 
1. Typical Laboratory Freeze-Dryer 2 
2. Experimental Apparatus for Vapor Pressure Determination. 36 
3. Apparatus for Determining Permeability-First Method. . . 40 
4. Apparatus for Determining Permeability-Second Method . . 42 
5. Equilibrium Vapor Pressure . . . . . . . . 52 
6. Idealized Model of Meat. 57 
7. Vapor Pressure vs. Reciprocal Temperature for 
Meat and Meat Juices . 60 
8. Permeability vs. Pressure with Length as a Parameter . . 63 
9. Permeability vs. Length with Pressure as a Parameter . . 65 
10. e' vs. Pressure 66 
11. Effect of Thermal Transpiration on Permeability 70 
12. Interface Position vs. Time for Case 1 and 2 73 
13. Interface Position vs. Time for Results of Chapter III . 78 
14. Interface Temperature vs. Interface Position 79 
15. Interface Temperature vs. Chamber Concentration 81 
16. Ratio of Diffusional to Hydrodynamic Transport vs. 
Chamber Concentration 83 
17*:: Model of Freeze-Drying Process 86 
18. Energy Control Volume for Region I 87 
19. Control Volume for Mass Transport Analysis 92 
20. Element of Gas from Capillary 94 
Vlll 
SUMMARY 
Experimental and analytical studies are presented for freeze-
drying of beef. To predict freeze-drying rates analytically, accurate 
data on permeability and diffusion coefficients for air water-vapor 
transport through freeze-clried beef are essential. Previous to this 
investigation, no experimental data for diffusion coefficients for 
flow through freeze-dried beef existed. The permeability data for beef 
presented in the literature vary as much as 1000 per cent. One of the 
boundary conditions used in analytically determining drying rates involves 
the relationship between the equilibrium partial pressure and temper-
ature for the food product. No experimental data giving this relation-
ship existed before this investigation. In addition, the analytical 
equations for prediction of drying rates available previous to this 
investigation do not properly describe the mass transport under condi-
tions of combined bulk and diffusional transport. Therefore, the ob-
jective of this paper is to determine experimentally and, as much as 
possible, theoretically the following properties? permeability, dif-
fusion coefficient, and equilibrium vapor pressure. Using these pro-
perty values it is desired to develop a mathematical model which accounts 
for and shows the entire mechanism of heat and mass transport in freeze-
drying and to obtain a closed form solution for the equations resulting 
from the mathematical model,. From these equations optimum conditions 
for freeze-drying are to be inferred. This objective is carried out by 
first conducting experimental and theoretical investigations of the three 
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properties desired. Analyses are then made for a variety of assumptions 
and boundary conditions using the property values obtained in the initial 
part of the investigation.. 
Starting from a basic force balance the equation of motion for 
the flow of a gas or gas mixture through a tube is developed. Non-
continuum effects are accounted for in the derivation. Using the con-
ventional definition of permeability and the derived equation of motion, 
a permeability for non-continuum transport in a capillary is derived in 
terms of the pressure drop across the capillary, the average gas pressure 
and temperature, and capillary geometry. This equation is modified for 
flow through the porous freeze-dried meat and allows the determination 
of the effect of temperature on permeability. An experimental investi-
gation using two different methods was conducted for determination of 
the permeability. The experimental results for permeability were found 
to have a 10 per cent deviation due to sample variations and also to be 
thickness dependent* The initial theoretical work did not predict this 
effect. A postulate account for the thickness dependence is made that 
the capillaries are crimped at the ends and this postulate is verified 
using the experimental data. The experimental data cover a pressure 
range of approximately .5 to 4 torr and sample thicknesses from .0625 to 
.125 feet. The samples used were taken from different cuts of beef and 
were frozen initially at several rates. 
An experimental study of the equilibrium vapor pressure of frozen 
bovine muscle is presented for a temperature range of -23 °C to -1 °C. 
Measurements are presented for round, sirloin, and T-bone steak. The 
results show that the equilibrium vapor pressure of beef is approximately 
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20 per cent lower than the vapor pressure of pure ice at the same temper-
ature. An interpretation of the experiments attributes the vapor pres-
sure depression to dissolved solute species in the frozen liquid phase 
of the beef muscle. To determine the role of the solid meat matrix in 
the vapor pressure depression, experimental measurements are also pre-
sented for the vapor pressure of the frozen liquid phase which can be 
mechanically removed from the meat by squeezing at room temperature. 
The vapor pressure of this phase at a given temperature lies between 
that of beef muscle and pure ice. This result is interpreted by use of 
a simple model which idealizes the beef muscle as a cross-linked ionic 
network which contains not only soluble and mobile ionic species, but 
also ions and other hydrophilic groups which are permanently attached 
to the network. Due to the presence of these permanently attached groups, 
more solute particles are present in the frozen liquid phase when it is 
incorporated in the meat matrix than is the case when it is removed. 
Since the magnitude of the vapor pressure depression increases with the 
concentration of dissolved solute species,, the depression is greater 
when the meat matrix is present. These ideas are consistent with the 
observed temperature coefficient of the vapor pressure, which is larger 
for frozen beef muscle than for the separate frozen liquid phase. 
Analytical and experimental analyses are presented for bulk and 
diffusional flow of a binary gas mixture under steady-state conditions. 
The analysies are valid for the entire region between pure molecular 
and viscous flow. The analytical analysis is made for flow through a 
capillary tube subjected to a small pressure gradient. A momentum bal-
ance is applied to one component of the gaseous mixture in order to 
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determine an equation for the rate of transport of that component. 
Analytical results for the capillary tube are modified for the 
case of transport through a porous material by considering this material 
to be a bundle of capillary tubes. Experimental results for the effec-
tive average diffusion coefficient for the transport of an air water-
vapor mixture through freeze-dried meat are presented; these results 
compare favorably with the analytical results for the porous material. 
Thermal transpiration effects are considered by some investiga-
tors to be important. In order to decide if this factor is indeed sig-
nificant in the analytical work an experimental and theoretical investi-
gation into thermal transpiration: in freeze-drying is made. Both the 
theoretical and experimental findings indicate that the order of this 
effect is less than 3 per cent. 
The first analytical solution presented is "exact" in that it 
encompasses time variations in properties as well as space changes. 
In order to obtain a closed form solution fixed boundary conditions at 
the surfaces and interface of the food product are used and no heat input 
to the interface from the frozen region is considered. These boundary 
conditions uncouple the mass and energy transfer equations and allow a 
separate solution of the equations; thus, the solution becomes much 
simpler. Secondly a similar "quasi-steady" solution is given differing 
from the first in that the time rates of change in properties are assumed 
negligible in comparison to space the rate of change. Comparison of the 
two solutions shows that the quasi-steady solution is accurate within 
approximately 2 per cent. 
Experiments by other investigators show that the interface temper-
ature does not remain constant during drying. Consequently, a third 
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solution is presented in which the mass and heat transfer equations are 
coupled (i.e., solved together). The "quasi-steady" assumption is made 
since the assumption is shown to be good by comparison of the first two 
solutions. The boundary conditions for this solution are all directly 
controllable external conditions, namely the temperature, total pressure, 
and water-vapor partial pressure at the heated surface and the tempera-
ture of the face opposite to the heated face. This solution clearly 
shows the mechanisms involved in freeze-drying and allows the accurate 
determination of the interface position and temperature. This solution 
shows that the interface temperature is constant only when there is no 
heat input to the interface through the frozen region. For the non-
adiabatic case at high chamber concentrations of water-vapor, the inter-
face temperature is shown to approach closely the equilibrium temperature 
for meat at the chamber pressure. Since it is assumed in the first two 
solutions that the interface temperature corresponds to the equilibrium 
temperature for the chamber pressure, the solutions are very closely 
correct at high chamber water-vapor concentrations. 
Comparison of the results for the first two solutions and the 
third solution show that the first two solutions give a relatively 
good approximation to the more refined third solution. However, they 
do not afford a good insight into the mechanisms of freeze-drying. 
Of special interest is the role of mutual diffusion with respect 
to hydrodynamic flow in freeze-drying. Typical results are calculated 
using the third solution and show that the diffusional flow contributes 
about 50 per cent as much as the hydrodynamic transport. 
The third solution shows that faster drying is achieved by 
Xlll 
decreasing the chamber pressure, decreasing the chamber partial pressure 
and heating from the back face. The first two effects are seen to cause 
only small variations in drying time with pressure while the third effect 
tremendously reduces the drying time. 
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CHAPTER I 
INTRODUCTION AND HISTORICAL BACKGROUND 
Freeze-Dryinq 
The freeze-drying process involves the following basic opera-
tions: The food product is frozen and then placed in a vacuum chamber 
which is evacuated to a pressure lower than the ice triple point. Heat 
is applied to the product and because the operation is carried out be-
low the ice triple point, the water substance in the product subli-
mates. A typical laboratory freeze-dryer,, which illustrates the essen-
tial features of the commercial apparatus, is shown schematically in 
Figure 1. Harper and Tappel (.1) give an excellent detailed descrip-
tion of the development and operation of commercial equipment for freeze-
drying. 
Several advantages ensue from this method of food processing; 
for example, the food product can be stored at room temperature up to 
a year, handling is simplified since the weight loss ranges up to 80 
per cent, little shrinkage results, and the taste and nutritional 
quality are retained. 
Historical Development and Related Literature 
Most of the literature concerning freeze-drying deals with 
the biological aspects of the process. A complete summary of these 
aspects is considered in a book edited by Harris (2). An especially 
The liquid in meat is essentially water but contains salts and other 
dissolved substances. 
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Figure 1 • Typical Laboratory Freeze-Dryer. 
important reference of the physio-biological properties of freeze-dried 
products is presented in the work by Luyet (3). 
A summary of the analytical work directly related to this problem 
which has been presented in the literature is as follows: 
(a) Flosdorf's (4) book written in 1949, which is the result of 
his experience with laboratory and commercial freeze-drying apparatus, 
presents an analytical treatment which is outdated (for example adiabatic 
flow was assumed). However, he presents an excellent historical review 
of freeze-drying developments before 1949. 
(b) Lambert (5) in 1956 analyzed the freeze-drying process in the 
same manner as heat transfer through a composite wall (i.e., as several 
resistances in series). He determined overall coefficients but his 
analysis does not clearly show what the heat and mass transfer mechan-
isms are. 
(c) Harper and Tappel (l) presented an analytical investigation 
in 1957 which provides a basis for an accurate analysis, but they make 
several strong simplifying assumptions; isothermal flow, drying rate 
independent of energy input,, and constant properties. Also they do not 
combine their diffusional flow with the hydrodynamic flow.! The main con-
clusion of their work is that the drying time is proportional to the 
square of the thickness of the food sample, 
(d) In 1961 Bannister (6) and in 1963 Koumoutsos and Sunderland 
(7) presented similar analyses on the basis of flow through a bundle of 
capillaries and account for slip effects with kinetic theory. Their 
diffusion equation is only applicable to the case of constant total 
pressure which does not correspond to the usual situation. They solve 
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the heat transfer coupled with the mass transfer equations with several 
simplifying assumptions for the various flow regimes but indicate that 
additional work is needed to clarify when the various effects must be 
accounted for. Their chief result coincides with that of Harper and 
Tappel. 
Several publications not directly related to the analytical work 
on the freeze-drying process but which are important to an understanding 
of the various mechanisms involved are; Kennard's (8) and Loeb's (9) 
discussion of slip and free molecular flow, Carmen's (10) discussion of 
the application of Kennard's equations for flow in a porous media, 
Schneider's (ll) work on conduction and convection heat transfer through 
porous media, Bird, et_ aj^., (12) analysis of diffusive mass transfer, 
and Scott and Dullien's (13) and (14) discussion of diffusive and bulk 
flow in the transition region. 
Important experimental measurements are presented by Harper (15) 
and (16) and by Harper and Tappel (6). All of these references contain 
essentially the same data. While important, these data on permeability 
and diffusional resistance, by the author's admission, are subject to 
considerable experimental error. These works present permeabilities 
for a few samples for several pressures. Also values of porosity and the 
ratio of free diffusion to diffusion through the dried sample are given. 
In addition, Harper and Chichester (17) present new but conflicting data 
with that of these earlier publications. 
Hardin (18) presents important experimental data for temperature 
and pressure distributions and drying rate for beef for a range of 
chamber pressures and concentrations. Also he presents analytical work 
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for prediction of the experimentally observed data. He was not concerned 
with obtaining property data for the beef and his analytical work is appli 
cable only for quasi-steady drying for which mutural diffusion can be neg-
lected. He presents an excellent detailed description of the important 
literature concerning experimental and analytical work in freeze-drying 
as well as the historical development of the process. 
Purpose and Scope 
The great disadvantage to freeze-drying is the large amount of time 
required to dry the product. Due to the scarcity of accurate property 
data and the lack of data in some areas as indicated by the above re-
view, it has been impossible to carry out analytical studies for opti-
mizing the drying rate. Futhermore, it is seen in the previous litera-
ture, due partly to a lack of understanding of the freeze-drying process, 
that the analytical work needs considerable refinement. 
Since it is quite desirable to greatly increase freeze-drying 
rates, one purpose of this work is to determine properties and analyti-
cal results for predicting optimum condiiiilonis for freeze-drying of beef 
steak. As a consequence of the deficiencies pointed out above, it will 
be necessary to conduct tests on freeze-dried beef steak checking the 
previously determined property data and obtaining new data in areas not 
already studied. The previously mentioned analytical work is to be ex-
tended and refined. It will be used in conjunction with the property 
data for showing the effect of the important parameters on freeze-
drying. 
The scope of the property data measurements will include the 
determination of permeability coefficients (see page 101) and average 
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diffusion coefficients (see page 25 ) for different grades and cuts of 
freeze-dried beef steak frozen and dried under different conditions. 
The measurements will be made under the<conditions normally encountered 
in freeze-drying work. The thermal conductivity is also needed, but this 
property is being studied separately by Hill (19) and Massey (20). In 
addition to this work, the vapor pressure of frozen beef will be deter-
mined. 
The scope of the analytical work will include the analytical deter-
mination of the drying time for the freeze-drying of beef with appropriate 
boundary conditions. Assumptions necessary for obtaining a closed form 
solution will be made and a check of the error introduced by the assump-
tions will be made where possible. 
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CHAPTER II 
ANALYTICAL INVESTIGATION OF UNCOUPLED MASS AND HEAT TRANSFER 
IN FREEZE-DRYING 
Mathematical Statement of the Problem 
During freeze-drying of solid food products, it has been found 
that the grain orientation has considerable influence on the direction 
that the vapor moves through the drying solid. Consequently, the pore 
structure of the dried food product is such that there is a complex 
path in one general direction which can be idealized as a tortuous 
bundle of capillary tubes of non-uniform cross section. As drying 
proceeds, a dried layer forms on the heated side and is distinctly 
i 
separated from the frozen layer of the product. The interface thick-
ness between the dried and frozen layer has been measured by Hatcher 
(21) and found to be less than 5 mm thick. The vapor flows from this 
interface through the complex path offered by the dry layer. For 
mathematical analysis the interface will be assumed to be perpendicular 
to the vapor flux direction (i.e., to the general capillary or grain 
direction) and to move parallel to itself. In order to achieve this 
condition experimentally, the heat flux must be in the opposite direc-
tion to the vapor flow and the free surface must be perpendicular to 
the grain direction. Heat is generally radiated to the free surface 
by a radiant heater. 
Two general cases will be considered analytically in this chapter. 
Non-steady drying will be considered in case^T; but in the boundary 
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condition which relates the heat input at the interface and the mass flow 
rate, the heat storage in the dried layer is neglected. This assumption 
is quite valid since calculations by the author based on typical experi-
mental data by Hardin (18) show' that the heat storage to the dried layer 
represents less than one per cent of the total energy input. In case 2 
the "quasi-steady" model is used in which the time rate of temperature 
change in the governing energy equations is considered negligible in com-
parison to the space rate of change. 
It is desired to determine expressions for the temperature distri-
bution and drying rate for the two cases outlined above. The boundary 
conditions are to be chosen such that the heat and mass transfer equa-
tions are independent. 
Governing Equations 
For convenience the dried and frozen layers will be designated by 
Region I and Region II respectively. By making an energy balance on 
Regions I and II, the equations appearing below are derived (see Appendix 
A): 
For Case I, Region I 
arT , 6T T a
2TT 
— - v - 6 L - a e I - ^ (2.1) 
at 2 / F a x ax
2 
For Case 1, Region I I 
9T„ aT^ 
a n - - ! = - £ (2.2) 
8xz at 
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For Case 2, Region I 
dx'~ d t dx 
( 2 .3 ) 
For Case 2, Region II 
d2T, 
n = Q 
dx' 
(2.4) 
Boundary Conditions for Case 1 
For Region I 
Hatcher (2l) showed that the interface temperature remains nearly 
constant for drying with a constant chamber pressure greater than 0.5 
torr and approximately equal heat input from both sides of the meat. 
These conditions along with an energy balance at the interface and the 
initial location of the interface form the set of boundary conditions: 
T ^ t ) = TQ (2.5) 




x=X el Qx x=0 " U dt 
(2.7) 
where CJ is defined by 
= p.d[-AH + C (T0 - Tx)] 
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Since no drying has taken place for t < 0, 
X(0) = 0 (2.8) 
Note that the energy storage in the dried layer has been neglected in 
equation 2.7. Also since Region I does not exist at t = 0, no initial 
thermal boundary condition is given. 
For Region II 
It is assumed that initially Region II is at a temperature T , 
A 
there is no heat transfer to the interface from Region II, and the face 
at x = L is perfectly insulated. Thus, 
T(x,t) = Tx (2.9) 
Solution of Differential System for Case 1 
For Region I 
Non-dimensionalize equation 2.1 by letting 
T - T 
( = J I :g 
I T - T 
1 *x [o 
With th i s subst i tut ion equation 2.1 becomes 
(2.10) 
T h " I ® \ 
I b I I / ^ -, •, \ 0 t 2/F'°x e I ax2 
Define 
x tl = — (2.12) 
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Writing equation 2.11 in terms of r\: 
d 9I , vb , d0I — - + ( 2 , + ^ ) — = 0 (2.13) 
Notice that the energy equation has been reduced to an ordinary differ-
ential equation in terms of the parameter r\. For convenience define 
U = 2fl +




Substituting equation 2.14 into equation 2.19 and integrating across the 
dried layer gives: 
>I = S 
U - U 2 




o pV __TT2 I 
±- e dU = erf U = erf 7; 





and substituting this definition into equation 2.21 gives 
\ = C 3 e r f k (21, + 4 - ) 
el. 
+ C (2.17) 
Non-dimensionalizing the boundary conditions (equations 2.5 through 2.8) 
yields: 
12 
ej(o,t) = o 




-keT(Tx -TQ) Qix 
dx 
x=0 " U dt 
(2.20) 
Note that there is no heat flux contribution from Region II so that the 
term representing this contribution in equation 2.20 has been deleted. 
Applying equation 2.18 to equation 2.17 results in 




Z 5 ^ " 2^ 
]-erf[-^-]) (2.21) 
V el 2fo el 
Evaluating the derivative of equation 2.21 at x = 0 and substituting 
into equation 2.20 gives 




• ( - * * = ) 






Notice from equation 2.22 that -rr . It is assumed in Appendix A 
ft 
in deriving the energy equation for Region I that X = b̂ t". Differential-
ing this relationship with respect to t gives -rr = which indicates 
2/F 
jy I 
that -rr . Consequently the assumption made in Appendix A is verified 
V AV V\ 
by the form of equat ion 2 . 2 2 . Comparing ~ = to equat ion 2.22 gives 
b = -




\2f e l 
(2 .23) 
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Applying equation 2.19 to 2.23 gives with the additionally established 
equation X = b7t~ 
C3 = 
erf — - — (1 + :v) - erf — — 
2/a 2/a 7 el 
(2.24) 
Substituting equation 2..24 into equation 2.2$ yields 
b = -2 
keI^VT0) 
erf — - — (1 + :v) - erf — — v 
y el v el 




Equation 2.25 can be solved transcendentally for b. This value 
of b can be substituted into equation 2.24 to determine C . The valuesof 
C~ and b can be substituted into equation 2.21 to yield the temperature 
distribution. Also the movement of the phase front can be calculated from 
X = b/t" 
Boundary Conditions for Case 2 
For Region 1 
The conditions for this region will be the same as those con-
sidered for the first case, i.e. 
T(0,t) = t 0 







For Region II 
A practical case for consideration occurs when the back side of 
the food sample is heated. The boundary conditions for this case are 
Tn(X,t) = Tx " (2.29) 
Tn(L,t) = TL (2.30) 
Solution of Differential System for Case 2 
For Region I 
By introducing the non-dimensional parameter given by equation 
2.16, equation 2.3 can be transformed to yield 
a2er ,v ee_ 
—T- + v ^ » ^ = 0 (2.31) 
_ 2 dt Qx 
9x 
Similarly transforming equations 2.26 and 2.27 produces the non-
dimensional boundary conditions given by equations 2.18 and 2.19 
respectively. Integrating equation 2.31 gives the following solution 
)j = C 5 + C 6 exp( -v ~ x) (2.32) 
Applying the boundary conditions given by equations 2.18 and 2.19 to 
equation 2.32 results in 
, / - dX v 
1 - exp (-v -77 x) 
!T = HY (2'33) 
1 , / - dX v \ 
1 - exp (-v -JT; X) 
For Region II 
If the parameter given by 
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T - T 
5 = __n _L 
n T - T 
X L 
(2.34) 
is substituted into equation 2.4 the following equation results: 
Integrating gives: 
d2e 
n = 0 
dx' 
(2.35) 
3n = C T X + c8 (2.36) 
The transformed boundary conditions are 
G_(X,t) = 1, e_(L,t) = 0 
n n 
(2.37) 
Applying these boundary conditions to equation 2.36 gives 
) - x - L 
n " x - L (2.38) 
Determination of Interface Position 
For case 2 the temperature distributions have been determined in 
terms of the frozen-dry interface position. In order to determine this 
position as a function of time, it will be necessary to make an energy 
balance at the interface, i.e. 







-k el ax x=0(TX"V - C P | P A - V 
-dp. ~ A H 
ri dt 
(2.39) 
where the first term is the energy input to interface from region II, 
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the second term the energy input to interface from region I, and the last 
term energy required to melt mass flow rate at interface.- Differentiating 
equations 2.33 and 2.38, evaluating these derivatives at x = X and x = 0 
respectively, and substituting into equation 2.39 gives on rearrangement 
kn(Tx - V 
X - L 
kel * df (TX - V 





The argument of the exponential term appearing in equation 2.40 is much 
less in magnitude than one; consequently, the exponential term can be 
expanded in a Taylor series where only first order terms are retained. 
Carrying out this procedure, equation 2.40 becomes 
§dX~ ( - + r-) 
: B B 2 : 
1-1/ f x + i) dX = udt (2.41) 
where the quantities y anc* B are defined below 
T = L k T(T Y - Tn) elv X 0 
B = k n ( T x - T L ) + k e I ( T 0 - T x ) 
(2.42) 
(2.43) 
Integrating equation 2.41 gives 
2C 
2B ? B2_ 
X +1 l n ( ^ X + 1) = u t + constant (2.44) 
Applying equation 2.28 to equation 2.44 yields on rearrangement 
-/2B- ( £ + *-)[X + £ ln(£ + 1) 
B -"r 
t = (2.45) 
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Thus, the complete solution for Case 2 has been obtained. For any time 
the interface position can be obtained from equation 2.45 by trial and 
error. With this value of the interface position, the interface velocity 
can be calculated from equation 2.41. With the known value of interface 
position and its time derivative, the temperature distribution for Region 
I can be obtained from equation 2.33 and the distribution for Region II 
can be obtained from equation 2.38. 
Discussion of Assumptions 
The effect of the quasi-steady assumption in case 2 was checked 
by letting the boundary condition at x = L be T = T . This choice re-
sulted in the same boundary conditions as for case 1. Solutions for 
actual drying times for both cases with the same boundary conditions 
were obtained for pressures of 1»0, 2»0, and 3.0 torr. The results for 
the two cases (one an exact solution and the other solution assuming 
quasi-steady flow) corresponded within 3 per cent. 
In obtaining the solution for case 2, it was assumed that the 
exp(-v — X) could be expanded in a Taylor series neglecting the second 
order terms to give 
, - dX ,, 
1 - v d t x 
- dX 
For the usual freeze-drying situation, v -rr X is approximately equal to 









where f is the maximum value of function expanded between 0 and x and 
max 
k is the exponent of the last term kept in the series, it is seen that 
this assumption results in an error of less than 
i 0 - 1 ) * 0 - 1 ^ Z 0.0005 
This is a percentage error of about 0.05 per cent. 
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CHAPTER III 
ANALYTICAL INVESTIGATION OF COUPLED MASS 
AND HEAT TRANSFER 
Determination of Combined Bulk and Diffusional Transport Rate 
Introduction 
In order to effect a solution an equation must be obtained which 
will predict the mass transport of a binary gas in the transition regime 
for the case of simultaneous bulk and diffusional flow under the condi-
tion of a non-uniform total pressure gradient. Due to the combination 
of low pressures and small capillary size the transport occurs in the 
region between the molecular and viscous condition (.01 < Kn < 10). This 
region will be subsequently referred to as the "transition regime." 
To understand the transition regime, first consider the case 
where the mean free path of the molecules is much less than the character-
istic dimensions of the system such as the tube diameter. If a total 
pressure gradient exists, both components of the binary mixture are 
transferred by bulk movement of the gas. If, in addition, a concentra-
tion gradient exists the movement of each component is superimposed on 
the bulk movement. At the opposite extreme, when the mean free path is 
much greater than the characteristic dimension, there is a negligible 
interaction between the molecules. Consequently the transport is given 
by Knudsen's (23) equation for molecular streaming under the influence 
of either a concentration or total pressure gradient. Between these 
extremes, when the mean free path and the characteristic dimension are 
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approximately equal, a combination of these transport modes occurs and this 
phenomena is termed transition flow. 
Evans, _e_t aj^., (24) present equations for combined bulk and diffus-
ional transport in the transition regime under the conditions of a non-
uniform total pressure distribution. However, the so called "dusty gas" 
model was used in which the porous material is idealized as another con-
stituent of immovable large molecules. In addition, the results are 
valid only for the special case of self diffusion or counter diffusion of 
gases with equal molecular weight. The current work: is concerned with 
porous materials of a capillaric nature rather than one composed of ex-
tremely fine particles for which the dusty gas model is valid. In addition, 
all flux ratios of the two constituents are considered. A different method 
(momentum transfer method) is used in the present case to obtain the 
governing differential equation, 
Harper and Chichester (17) state that experimental thermal conduc-
> 
tivity data for gases in the transition regime can be used to predict the 
product of pressure and diffusion coefficient, pD-i-p* They point out that 
for the continuous flow regime, simple kinetic theory shows that both the 
thermal conductivity and pD ^ are independent of pressure. Furthermore, 
in the transition regime, due to the analogy between heat and mass trans-
fer, both quantities should decrease in a similar manner with decreasing 
pressure. However, the continuous flow regime, Present (25) notes that 
the simple kinetic theory expression giving thermal conductivity to be 
independent of pressure gives excellent agreement with experimental data. 
The corresponding development for pD]9 shows that it should be independent 
of pressure but heavily dependent on the concentration of the gaseous 
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components; this expression for pD, ~ cannot be experimentally substan-
tiated. The dichotomy between the simple kinetic theory expression and 
experimental data results from the basic difference between the nature 
of the transport of mass and energy* For energy transfer across a given 
plane, the specific identity of the component molecules (either component 
1 or component 2) is not important, whereas for mutual diffusion, the 
identity of the molecules is quite important. The mass transfer depends 
in part on whether the molecules collide with like or unlike molecules 
before crossing the plane. The collision of like molecules prior to 
crossing the plane does not affect the diffusive transport process, but 
it is greatly affected if unlike molecules collide. Thus since the two 
mechanisms of transfer are not exactly analogous in the continuous flow 
regime, it appears unlikely that they would be analogous in the transition 
regime. It is desirable, therefore, to analytically and experimentally 
examine the assumption made by Harper and Chichester for combined bulk 
and diffusion flow of a binary gas mixture.. Small total pressure and 
concentration gradients are assumed to exist simultaneously. 
Consequently, it is desired to obtain analytical results for the 
rate of mass transfer under the above conditions for flowtthrough a 
capillary tube. These results will be modified for the case of trans-
port of an air water-vapor mixture through porous freeze dried beef for 
use in predicting drying rates. 
Analytical Investigation 
Johnson (26) suggests that the steady diffusion equation for con-
tinuous transport can be interpreted as an equation of motion of one of 
the constituent gases. The equation in the form of an equation of motion 
valid for the one dimensional transport of a binary gas at uniform total 
pressure is: 
K T - - '- - N-'- = 0 (3.1) : 2 d x - d p 2 - ^ ;
n ' i n 2 ( u 2 - u i ) d x 
M 12 
The first term in equation 3.1 is the total external force per unit area 
on component 2, the second term is the force per unit area on component 
2 due to a partial pressure gradient and the third term is the momentum 
transfer to component 2 due to collisions with component 1. 
If a small total pressure gradient exists, the Maxwell-Boltzmann 
Q 
distribution function evaluated at the average pressure is very nearly 
the same as for the uniform pressure case. Therefore, the last term in 
equation 3.1 still adequately describes the momentum exchange between 
the two constituents. However, the total pressure gradient causes an 
effective external force on component 2 which is equal to the product 
of the total pressure gradient and the average area occupied by this 
component. From Dalton's law, it can be easily shown that the cross-
sectional area of component 2 is 
A = IIR2 ̂ 2 (3.2) 
P 
Since the net force on component 2 due to the total pressure gradient 
is A^dp, equation 3.1 can be written 
— — KT 
Podp/p - dp = nino^uo " ui ) d x (3-3) 
'" nMU12 L Z Z l 
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Equation 3.3 is valid for continuous flow when only intermbleculat ".'inter-
actions are important. For transitional flow, one must consider molecular 
encounters with the wall; therefore, equation 3.3 must be altered to in-
clude the resulting momentum exchange with the wall. From kinetic theory, 
the number of molecules striking the inside of the capillary surface per 
unit time is Ttr n_V0dx/2. If diffuse reflections occur, the average 
c 2 2 ' ' ^ 
velocity change resulting from a molecular collision with the wall is u9. 
In general, the average velocity change is u_S, where S is the reflection 
coefficient, defined as the number of molecules striking a unit area with 
completely diffuse momentum exchange divided by total number of molecules 
striking the unit area. Therefore, the momentum exchange with the wall 
for each molecule is n u S. Taking this into consideration, equation 3.3 
becomes 
(p2/p)dp - dp2 = —— "^2^2 ~
 ul^ d x + Sm2U2
n2Vlx//2rc ^3'4^ 
This equation is the final form of the differential equation of motion 
for one component of a binary gas mixture. It is valid for the case of 
combined bulk and diffusional flow in the transition regime under the con-
dition of a non-uniform total pressure gradient. 
An expression for the average molecular velocity can be deter-







 d P 2
 = ~Pd(~) = "PdV2 (3.6) 





MZ + ( n l " n2 ir ) /nMD12 
K2 1 
dx (3.7) 
From Dalton's law of partial pressures, 
Yl + Y2
 = 1*° (3.8) 
and making use of the definition of a, y, and y^, and substituting equa-





1 " a y2 + 3^0" 
K2. 
(3.9) 
For the small pressure gradients considered, it is assumed that p can be 
expanded in a Taylor series neglecting the 2d order terms to give 
P = P x ̂ 2 + -f- x 0 dx 
(3.10) 
Approximating -p by -r^- gives 
P = P 
X ̂ £ 
+ —& x 0 L 
(3.11) 
From kinetic theory 
pD 12 = C (3.12) 
R T 
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where C is a constant. From the definition of z, 
q 
dx = Ldz (3.13) 





oo C RT 8S g 
3icD. 
K2 P0 + ApZ-
(3.14) 
Substituting the definitions of b and b~ into equation 3.14, integrating 
and applying the boundary conditions y9 = y9n at z = 0 and y9 = y9 at 
z = 1 gives 
^2L = 1 (3.15) 
• 0 v n 3 
+ 
bg log(p0+ApHb4(»Jj)]+ 7^7[b4(l+A-f )f+ 7 3 ^ b 4 ( l + ^) ] + . 
Ap e x p [ b 4 ( l + pQ /Ap)] 
1 b2 P0 1 b4 2 1 b4 3 
+ Y20" I " A^ exP(-A~b4} lQ9 PQ+(2)2rte P0} + T303Tfe P0
;> + " ' 
exp(b4) 
P0 . 
The series contained in the braces converges for all values of b, -— 
3 4 Ap 
and bA P Q + Ap)/Ap. It is convenient to define an average diffusion 
coefficient D for the transition regime by means of the following 
equation: 
pD. 1 - yOT 
N. = — — In --
2 ~ 1 - yon R TLa y20 
(3.16) 
Equations 3.15 and 3.16 can be solved by the following trial and 
error procedure. First assume a value of D and then calculate the 
corresponding value of N from equation 3.16. Next use this value of 
N9 to calculate y9T from equation 3.15 and then compare the magnitude of 
the calculated value of yQ, with the known value from the boundary condi-
tion of the tube exit. This procedure can be repeated until the correct 
value of D is obtained. 
Application to Flow in Freeze-Dried Beef 
Freeze-dried beef contains numerous small voids which form com-
plex flow paths for vapor transport. These flow paths are non-uniform 
in cross section and are not straight. The method used for analyzing 
this case is to assume the voids form circular and straight capillaries. 
However, for actual substances, the analytical equations resulting from 
these assumptions should be altered to include the effects of devious 
flow paths and blockages caused by the structure of the porous sample. 
Parameters which account for these irregularities are called "effective 
parameters." 
The analytical results presented in the previous section can be 
used for actual porous meat in obtaining the magnitude of the effective 
diffusion coefficient if the values of D,9 and D„9 used in the defini-
tions of bq and b^ are the effective values for the porous sample. For 
the application to freeze-drying component 1 will be considered air and 
component 2 water vapor. Effective values are defined so that the vapor 
flux can be written in terms of the total sample area and its actual 
thickness. Due to the complexities of the structure of porous materials, 
the effective values of D,9 and D„9 are not predicted analytically; but, 
instead, are measured experimentally. In order to reduce the amount of 
experimental data required, Scott and Dullien (14) suggest that 
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(D ) D 
_jaL£ = -§w ( 3 a 7 ) 
(D. ) °kw kw e 
Thus, by obtaining the value of (D ) by a single experiment, 
ji 3 v aw e 
the value of (D, ) can be, calculated by substituting the experimental 
value of (D ) and the known values of D and D, into equation 3.17. aw e aw kw ^ 
To calculate a theoretical value for (D,)^ for the porous sample, the 
values of (D ) and (D, ) are used to obtain b-A and hn from their aw e kw e 4 A 
definitions, and then equations 3.15 and 3.16 are solved by the iteration 
procedure previously described. 
Equation 3.16 is the equation of motion for the water-vapor 
species. Rewritten in terms of the nomenclature used for the freeze 
drying process, equation 3.16 becomes 
j 
N = £-£• In -: — (3.18) 
w R TXa 1 - y2X 
The value of "a" is obtained by writing the continuity equation for the 
air species and making the quasi-steady assumption. When integrated 
this equation is 
Na = C 1 Q (3.19) 
Whe re C,^ is a constant. But at the interface (x = X) N = 0. Therefore 10 ' a 
from equation 3.19, C,n = 0 and N = 0 for all positions. Substituting 
the value of N into the definition of "a" qives 
a r 
a = 1 
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Consequently, the equation of motion for the water vapor species becomes 
p(D ) 1 - y 
N = • £-* In T ^ - ^ (3.20) 
w R • TX Y2X 
Equations of Continuity, Motion, and>rEnerqy for the Mixture 
These equations have already been obtained in appendicies A and 
B. However each equation must be changed from a mass basis to a molar 
basis for use with equation 3.20. The equation of continuity given in 
Appendix B becomes on changing to a molar basis making the quasi-steady 
assumption, integrating,, and noting N = 0 
a 
N = C., (3.21) 
w 11 
where C,, is a constant. 
In considering the momentum equation for the gaseous mixture the 
results of the derivation in Appendix B are seen to be applicable since 
the Navier Stokes equations for a gaseous mixture are the same as the 
equations for a pure gas if external forces on the individual species 
are neglected. Thus, since for this case no external forces act, the 
equation of motion for the mixture is equation B.38. Rewriting this 
equation in terms of the nomenclature used for the freeze-drying process 
and on a molar basis gives 
N X 
-JSL- = _e (p ) M £. (3.22) 
Ap Vlm w v x ' 
where e(p ) has been determined by experiment. Values of e(p ) as a 
function of pressure are given in Appendix C. For convenience define 
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I = -e(p )M £ (3.23) 
m w v 
Equation 3.22 becomes 
N = e ̂  (3.24) 
w X 
The energy equation for Region I is derived in Appendix B. The quasi-
steady assumption is envoked which will give in non-dimensional form 
the energy equation used for case 2 of Chapter II, i.e. 
d^9 C d0 
—7T- - W rE--7-^ = 0 (3.25) 
, 2 w k T dx 
dx el 
W can be written on a molar basis if C is written on the same basis. 
w p 
Thus 
d20 C d6 
— r - N T9--^ = ° (3.26) 
, 2 w k T dx
 x 
dx el 
From equation Bi26 it is seen that the coefficient of dQ /dx is inde-
pendent of x. The non-dimensional energy equation for Region II is the 
same as used for case 2, Chapter II. 
—f- = 0 (3.27) 
dx 
Boundary Conditions 




e^o) = o !3.28) 
en(L) = o (3.29) 
An energy balance and temperature-partial pressure relationship at the 
interface (x = X) gives the following two equations respectively 
da 
n VTx - V df x=X * + 
d0. 




" 5pN2(T0 " V = " N ^ 
P.-0O = 5 Y =
 f(Tv) w wX 
(3.31) 
where f(T ) is a function of the interface temperature. This function 
has been experimentally determined and is presented as equation 5.7 in 
Chapter V. Putting the experimentally determined expression for f(TY) 
in equation 3.31 gives 
PwX = exp (27.70 - 12900.0/Tx) (3.32) 
The known values of the chamber pressure pr and the water-vapor partial 
pressure p ^ give the final boundary conditions 
x=0 p0 (3.33) 
pw|x=0 pw0 (3.34) 
Solution of Differential Set 
Equations 3.20, 3.24, 3.26 and 3.27 must be solved with the 
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boundary conditions equations (3.28-3.34). The temperature distributions 
obtained by integrating equations 3.26 and 3.27 are 
1 - exp(-N C x/k _) 
e = : w p ' ei ( 3 B 3 5 ) 
1 - exp(-NwC x/keI) 
0 = x " L 
II X - L (3.36) 
Differentiating equations 3.35 and 3.36 and substituting into equation 
3.30 gives 
lcJT - TT ) k _(TV - Tn)N C /k _ 
^ X L _ _eI_X 0 w p el = {_ A ~ + g (T T )] (3.37) X " L 1 - exp(-N C X/k T)
 W p 0 X J 
^ w p ' el 
Expanding the exponential terms in equation 3.37 in a Taylor series gives 
on rearrangement 
X 
N X - I ~ VTX - V - keI<TX - V (3-38) 
-AH + C p ( T 0 - T x ) 
From equations 3.32 through 3.34, and the definition, of mole fraction, 
yw0
 = p w < A
 ( 3 - 3 9 ) 
' y • = p /p - exp(27.70 - 12900/TX) ( . 
ywL pwX/] X / ~ V^.^u; 
p„ + N X/L.6 
r0 w ' 
Substituting equations 3.38, 3.39 and 3.40 into equation 3.20 gives 
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y 
*!! X̂ L (TX " V " keI^TX " V 








"exp(27.70 - 12900 / t x ) 
on 
"x=T ( W - keI(TX-T0} 
[ -A H + Cp(TQ - T x ) ] £ 
+ Pr 
For any interface posit ion th is equation can be solved by t r i a l and 
error for the value of T . The molar flow ra te i s given by 
x ^ ; 
N = In 
W At-*0 
t+A t " X t ~ 
0.6 1 1 At 
(3.42) 
Consequently for a small interface movement AX in a time At 
N * T - p.d 
w At ri 
(3.43) 
A numerical technique can be used to obtain the drying time by the 
following procedure: 
(1) Calculate T for small increments of x from equation 3.41 
by trial and error. 
(2) Use the corresponding values of T and X to calculate N 
from equation 3.38 for each of the interface positions. 






to calculate the time required for the incremental change 
in interface position. 
(4) Add up all the increments of time to obtain the total drying 
time. 
It should be noted that since the properties change slowly with time 





The solution to the differential set is greatly simplified when 
T.,. For this case T., is a constant and can be obtained by setting X X 
T in equation 3.41 which yields 
keI(VTX) _ P°e 
-AH+C (Tn-Tv) # T p 0 X 
1 - wO 
In 
1 -
exp(27.70 - 12900/TX) 
P + ^0 
1SiTVrTx) 
e[ -AH + Cp(T0-Tx)]_ 
(3.44) 
The value of N X can be calculated from equation 3.38 by settinq TT = T„ • w - 7 L X 
and substituting in the value of Tv. Note that the maqnitude of N X is 
X r w 
a constant which will be denoted by C, . The relationship between the 
flow rate and interface velocity is 
dX 
N = p. d -7— 
w Ki dt 
(3.45) 
15 Substituting N = —rr~ into equation 3.45, integrating and noting that at 







The drying time can be obtained by letting X = L in equation 3.46. 
CHAPTER IV 
EXPERIMENTAL INVESTIGATIONS 
Vapor Pressure Measurement 
Instrumentation and Equipment 
The equipment used for this measurement is shown in Figure 2. 
The equipment was designed such that measurements can be made on a 
frozen beef sample or on the frozen liquid squeezed from the beef 
sample. The vacuum flask had a volume of 2000 millimeters and was 
submerged as shown in a bath of acetone. In order to obtain true 
equilibrium vapor pressures,, it was necessary to maintain this bath 
at the temperature at which the vapor pressure is desired. To produce 
these temperatures, a refrigeration unit was construced using a 
Copeland model KG 0050 IAA compressor unit. A Welch * model number 
1402 mechanical vacuum pump was used to evacuate the vacuum flask. 
The pressure was measured by means of a Wallace and T.i.er.na-m 
type 160 absolute pressure gage. The calibration curve furnished by 
the factory was used to correct the pressure readings. 
The temperature in the sample was recorded at two points within 
the sample by use of copper-constantan 28 gage •;thermocouple, wire. 
The thermocouple output was measured by use of a portable potentio-
meter used in conjunction with a thermocouple multiple switch. The 
Ti 
Copeland, Sidney Ohio. 
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Figure 2, Experimental Apparatus for Vapor Pressure 
Determination* 
temperature sensing apparatus was calibrated against a secondary stand-
ard mercury-in-glass thermometer. 
Procedure 
The following steps were taken to obtain vapor pressure data: 
1. The vacuum system (see Figure 2.) was assembled and pumped 
for approximately one day in order to remove contaminants without the 
sample being included and without refrigerating the acetone bath. 
2. The refrigeration system was then started. 
3. For tests on solid meat samples two thermocouples were lo-
cated in the meat and the meat was then frozen. The sample size used 
was approximately l/2 by 1.0 by 3/4 inches. For tests of the liquid 
squeezed from the meat sample, the liquid was placed in a small glass 
cylindrical capsule (approximately l/2 inch diameter by 3/4 inches 
deep) with one end open. Thermocouples were secured in the proper po-
sition and the liquid frozen. 
4. The sample was then placed in the vacuum flask. Since the 
thermocouple wires were extremely small in diameter, it was possible 
to feed the wires out between the rubber stopper and the vacuum flask 
wall without introducing leaks. The stopper was then replaced in the 
flask. 
5. The mechanical pump was started and the system pumped to a 
low pressure (approximately 0.3 torr). Note that this allowed a slight 
amount of residual air to remain in the flask. 
6. The acetone bath was allowed to reach the temperature at 
which the vapor pressure measurement was desired and then to stabilize. 
7. The hose clamp located between the pump and flask was then 
closed. 
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8. The sample was allowed to come into temperature equilibrium 
with the external bath. This was determined by comparing the two thermo-
couple readings of the sample with a mercury-in glass thermometer reading 
of the bath temperature. 
9. The pressure in the flask was then read. 
10. In order to determine the residual air pressure, dry ice was 
introduced into the acetone bath. The low temperatures produced by the 
dry ice froze the water-vapor onto the inside walls of the flask. The 
temperature and pressure inside the flask were read. ./By using Dalton's 
law of partial pressures and the ideal gas law as described by reference 
(27), the new pressure obtained can be converted into the partial pres-
sure of the residual air. Then the actual vapor pressure is the total 
pressure initially read minus the computed air residual pressure. 
It should be noted that after it was established that the leak 
rate for the apparatus was very small, step 10 was carried out to deter-
mine the initial residual air pressure. Then several data points were 
taken as described in the first nine steps for different temperatures 
by slowly allowing the acetone bath temperature to change (thus, chang-
ing the sample temperature). The residual amount of air pressure was 
again determined by step 10 and the leak rate calculated from the known 
initial and final air pressure. The data taken between the initial and 
final determination of the residual air pressure were corrected by means 
of the known leak rate. 
Discussion of Experimental Accuracy 
The overall accuracy of the experimental set-up was investigated 
by measuring the vapor pressure of pure ice. Measurements were made 
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over the same range that was examined for the food product. The results 
of this check corresponded to published vapor pressure data for pure 
ice within one per cento 
Permeability Coefficient Measurement 
Instrumentation and Equipment 
From the derivation in Appendix B, it is seen that the permeability-
correlation (equation B.38) involves the measurement of the physical 
dimensions (area and thickness) of the freeze-dried porous beef, the 
mass rate of flow through the porous media, the average total pressure, 
and the resulting total pressure drop. Two methods were used to obtain 
this necessary data. 
First Method. The first method involved the use of the equip-
ment shown in Figure 3. The test chamber (see Figure 3) was constructed 
from schedule 40 stainless steel pipe and had an internal diameter of 6 
inches and height of 15 inches. Rubber o-rings were used to provide the 
vacuum seal. A by-pass valve and a flow regulation valve to the pump 
were provided and were obtained commercially from the NRC Equipment 
Corporation. A hollow circular ring was provided for holding the meat 
sample. This ring could then be sealed across the cross section of the 
test chamber as shown in Figure 3. 
The absolute pressure in the lower half of the chamber was meas-
ured by means of a Wallace and Tiernan Type 160 vacuum pressure gage. 
The differential pressure was obtained by inclining a u-tube manometer 
_ 
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Figure 3. Apparatus for Determining Permeability 
-First Method. 
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and using Dow Corning 200 fluid. This fluid has an extremely low vapor 
pressure (about 10 torr) and a specific gravity of nearly 1.0. Thus, 
with this arrangement extreme sensitivity was obtained. 
The sublimating ice was contained in a cup suspended for a 
Sanborn' model FTA-10-1 transducer. The ice was a sufficient distance 
from the bottom surface of the sample to insure that the flow through 
the sample was approximately isothermal. The electrical output of the 
transducer was fed into a Sanborn model 296 amplifier and the amplifier 
signal was monitored on a Hewlett Packard' model number 405 CR digital 
volt meter. The voltmeter output was calibrated in terms of the weight 
applied to the transducer. Thus, from monitoring the weight loss versus 
time the flow rate could be determined. 
A Welch model number 1402 mechanical vacuum pump was used for 
evacuating the chamber and pumping the sublimating ice through the sample. 
Second Method. The apparatus used for the second method iŝ  shown 
in Figure 4. The main vacuum chamber housing the test section was 
large (approximately a cube with 2.5 ft. edges). The vapor was pumped 
by a condenser which was connected to the chamber by a 6 inch diameter 
pipe. The condenser opened to the vacuum pump (Welch model number 1410). 
Acetone and dry ice ? were used as the condenser refrigerant. Flow regu-
lation valves manufactured by the NRC Equipment Corporation were provided 
between the main chamber and condenser and the condenser and vacuum pump. 
Dow Corning Corporation, Midland, Michigan. 
Sandborn Company, Waltham 54, Massachusetts. 
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Figure 4. Apparatus for Determining Permeability - Second Method. 
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In addition, a needle valve opening to the atmosphere was provided for 
regulation of chamber conditions. The test section was constructed from 
a light gage steel cylinder (approximately 4 in diameter by 6 in high). 
During pump down it was required that the inside of the test section be 
opened to the main vacuum chamber in order to evacuate the test section. 
A by-pass line opening to the main vacuum, chamber, as shown in Figure 4, 
was provided from the inside of the test section. This line could be 
opened or closed with a solenoid valve (Valve No. l). This allowed the 
test section to be pumped down simultaneously with the main chamber. 
The absolute pressure of the main vacuum chamber was determined 
by. .means of. .a calibrated Wallace, and. Ti.ernan. Type...1.60. vacuum absolute 
pressure gage. The differential pressure across the sample was measured 
a 
with a Dwyer "magnehelic" differential pressure gage. The temperature 
above and below the sample was monitored by copper constantan thermo-
couples. 
The ice for sublimation was placed in the bottom of the test 
section. A one inch thick piece of styrofoam with small holes punched 
through it was provided for thermal insulation between the ice and 
bottom surface of the sample to insure essentially isothermal flow. The 
weight of the test section,meat sample,and ice was obtained by use of a 
Mettler type KST CD balance. 
Procedure 
The procedure for each method used to obtain the necessary data 
for calculating the permeability is given below. 
_ 




1. The sample was sealed in the circular holder and the holder 
was secured by socket screws across the test section. The top of the 
test chamber was also assembled by means of set screws. 
2. Valve 1 (see Figure 3) was completely opened and the vacuum 
pump started. Valve 2 was opened slightly for evacuation of the chamber. 
Care was taken to keep the pumping rate low enough that only a small 
differential pressure existed across the sample. 
3. The system was pumped for some time to ensure that a negligible 
amount of air remained in the tank after which valve 1 was closed. 
4. The water-vapor was pumped through the sample until the pres-
sures above and below the sample became constant. When these conditions 
were achieved the differential pressure, absolute pressure, weight and 
time were recorded by means of the equipment described above. 
5. The test was conducted ' for a time of 10 minutes after which 
the differential pressure, absolute pressure, and weight were again 
recorded*. 
The data taken in steps 4 and 5 along with the physical dimensions 
of the meat sample provided the information described above which was 
required to calculate the permeability. 
Second Method. 
1. The condenser was charged with dry ice and acetone. 
2. The freeze-dried porous sample was sealed across the top of 
the test section. 
3. The solenoid valve (valve number 1 in Figure 4), and valves 
2 and 4 were opened and the chamber door closed. The chamber was then 
pumped to a low pressure and held at this pressure in order to assure 
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that negligible air remained in the system. Valve 1 was then closed. 
4. Valve 4 was adjusted to give the desired back pressure (main 
chamber pressure). 
5. After allowing time for the pressures above and below the 
sample to stabilize, readings of absolute chamber pressure, temperature, 
differential pressure across the sample, and weight of test section, 
meat sample and ice were recorded at a known time. 
6. After an elapsed time of 1 hour these readings were repeated. 
Since the test section and meat sample did not change weight, the 
measured loss in weight corresponded directly to the mass rate of water-
vapor flowing through the meat. With this flow rate, the pressure drop 
across the sample, the chamber absolute pressure, temperature, and 
physical dimensions of the sample, the necessary information for calcu-
lating the permeability was provided. 
Comparison of Two Methods 
Some explanation for using two measuring techniques seems in 
• 
order. The transducer used in the first method was very sensitive and 
accurate; consequently, only short runs were required to obtain accurately 
the mass flow rate. However, it was questionable whether all of the sub-
limating water leaving the cup passed through the sample since part of 
the water-vapor could have condensed in the meat sample. Therefore, the 
second method was devised to circumvent this problem. Note that with :. 
this method only the loss of water-vapor that passes through the meat 
is measured. However, a disadvantage of this method is that a much long-
er period of time was required for a run since the weighing means were 
much less sensitive. 
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Another problem encountered with the first method provided 
additional impetus for devising a new method. It was found to be im-
possible to obtain the desired range of absolute pressure and differ-
ential pressure with the equipment used in the first method. The second 
method proved to provide the desired range of absolute pressure and 
differential pressure. 
In summary, the first method provided fast results while the 
second method provided slower results but with the advantage that wider 
ranges could be investigated with the assurance that the flow rate ob-
tained was accurate. The majority of the data in this investigation 
was obtained using the second method, although for average pressure of 
about 1 torr several points were taken using the first method. The 
method for obtaining the permeability data appearing in Appendix C is 
clearly shown. 
Discussion of Experimental Accuracy 
Results from the two methods were compared and found to coincide 
within a close percentage. In addition the results of this investiga-
tion were compared with the results of references (16) and (17) and 
were found to lie intermediate between the values found in these two 
references. 
Mutual Diffusion Coefficient Measurement 
Instrumentation and Equipment 
The equipment used for this part of the investigation was a 
modification of the equipment applied in the second method for deter-
mining the permeability coefficient (equipment shown in Figure 4). 
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The modification involved the addition of two humidity transducers — 
one Hygrodynamics model 4-4812 located above and one Hygrodynamics 
model 4-4814 located below the porous dried sample as shown in Figure 4. 
The electrical leads of the transducers were fed through the main 
vacuum chamber and connected to a double throw electrical switch which 
in turn was connected to a Hygrodynamics model 15-3000 humidity read-
out instrument. By selecting the appropriate position of the switch 
the humidity above or below the sample could be monitored on the read-
out equipment. 
The derivation of the .diffusion equation given in Chapter III 
indicates the need for the addition of the humidity transducers, since 
in addition to the data required in the permeability tests, the water-
vapor concentration above and below the sample is required for calculat-
ing the diffusion coefficient. 
Procedure 
1. The condenser was charged with dry ice and acetone. 
2. The freeze-dried porous sample was sealed across the top of 
the test section. ,. 
3. The solenoid valve (valve number 1 in Figure 4), and valves 
2 and 4 were opened and the chamber door closed. The chamber was then 
pumped to a pressure of approximately 0.7 torr. 
4. The desired amount of air was admitted through valve 3. 
5. The solenoid valve was closed, valve 4 was adjusted to give 
the desired chamber pressure, and time was allowed for equilbrium to 
be obtained. 
H 
Hygrodynamics, Inc., 949 Selim Rd., Silver Spring, Maryland. 
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6. Readings of chamber pressure, differential pressure across 
the sample, water-vapor concentration above and below the sample, and 
the weight of test section, meat sample and ice were recorded at a 
known time. 
7. After an elapsed time of 1 hour these readings were repeated. 
From these measurements the vapor flow rate could be calculated 
as for the permeability coefficients. With this flow rate, the pres-
sure drop across the sample, the chamber absolute pressure, the concen-
trations above and below the sample, and the physical dimensions of the 
sample, the average diffusion coefficient could be calculated from equa-
tion 3.16. 
Discussion of Experimental Accuracy 
Since the diffusion measurement required the determination of 
several quantities, the propogated expected error could be expected to 
be rather large. However, since each of the measuring devices were cal-
ibrated, the individual error associated with each measurement was 
generally under 2 per cent giving a progated expected error of approx-
imately 10 per cent. The variations in the properties of the samples 
used have been found to be of the same order. Consequently, the equip-
ment was sufficiently accurate from a practical standpoint. 
Determination of Thermal Transpiration Effect 
Instrumentation and Equipment 
Kinetic theory shows that a temperature gradient causes an addi-
tional mass flux as compared to the case of isothermal flow. To experi-
mentally investigate this effect, the data for the permeability tests 
were compared to results for the same type test with the exception that 
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a thermal gradient was imposed. Consequently, the equipment used for 
this study was the same as for the permeability test (second method, 
see page 41) with the exception that a radiant heater was installed 
above the sample and the styrofoam insulation between the ice and bottom 
of sample was removed. 
Procedure 
The procedure used was the same for the permeability measure-
ments except that the heater mentioned above was turned on before the 
beginning of the experiment. 
Discussion of Experimental Accuracy 
Since the additional temperature measurements required in the 
determination of the thermal transpiration effect were within one per 
cent accuracy, the overall accuracy of this test was approximately the 
same as for the permeability test. 
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CHAPTER V 
DISCUSSION OF EXPERIMENTAL RESULTS 
Equilibrium Vapor Pressure 
Introduction 
In order to accurately predict freeze-drying rates, it is im-
portant to know the equilibrium vapor pressure of the product being 
dried. During freeze-drying, a dried layer develops which is distinctly 
separate from the frozen wet layer. In analytical calculations of 
freeze-drying rates, a boundary condition generally used is that the 
temperature of the interface separating the dried and undried regions 
is equal to the equilibrium temperature of pure ice at a pressure equal 
to that which exists at the interface. Recent calculations by the 
author for freeze-drying of beef show that errors of ±2 °C in the 
assumed interface temperature can cause an error of 100 per cent in the 
calculated heat flux through the undried layer. Consequently, it is 
desirable to know as accurately as possible the equilibrium vapor pressure-
temperature relationship for frozen meat. 
Bovine muscle consists essentially of a liquid phase dispersed 
throughout a solid matrix. The liquid phase is an aqueous solution 
which contains dissolved salts and proteins., When the meat is frozen, 
it might well be expected that the thermodynamic properties of the 
frozen liquid phase would be different from those of ice. In particu-
lar, the equilibrium vapor pressure of the frozen liquid in the meat 
might be expected to deviate from that of pure ice, The present study 
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of the equilibrium vapor pressure of beef steak has been prompted by 
these considerations. 
Results for round, sirloin, and T-bone steak are summarized 
graphically in Figure 5. The points shown represent runs for both 
ascending and descending temperatures. Since there is no evidence of 
hysteresis, it is concluded that the pressures measured are equilibrium 
values- The legend in this figure indicates the various grades of beef 
used. Some results are also presented for a sample which was freeze-
dried for several hours before the clamp on the vacuum line to the 
pump was closed. This sample was completely surrounded by a thin layer 
of dried meat. 
Mechanism of Vapor,: Pressure Depression 
The experimental results consist essentially of two parts; vapor 
pressure data for frozen bovine muscle itself and data for the frozen 
liquid squeezed from the muscle. From Figure 5, it is clear that the 
vapor pressure is depressed below that of pure ice at the same tempera-
ture, and that the depression is larger for the frozen meat than for the 
meat juice. 
In discussing these results, we shall consider a piece of meat 
to consist of a frozen liquid phase which is dispersed throughout a 
solid matrix. This matrix may contain cavities and capillaries. The 
liquid phase, frozen meat juice, is a dilute aqueous solution containing 
dissolved proteins and salts. The equilibrium vapor pressure of meat 
is a function of the nature of the frozen liquid phase, of the solid 
matrix, and of the interactions between these two. In interpreting the 
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Figure 5. Equilibrium Vapor Pressure. 
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pure ice at the same temperature, three possible contributing factors 
will be considered. 
1. The influence of the 'Concentration of solute species in the 
frozen liquid. 
2. The influence of concave interfaces between the vapor phase 
and the frozen liquid phase. 
3* The restriction of the maximum possible size of crystals of 
the frozen substance by the solid matrix. 
Consider first the effect of dissolved solute species in the 
frozen phase. If the latter is an ideal solid solution, then Raoult's 
Law as given by Lewis and Randall (29) will apply. 
p / p? = 1 - y (5.1) 
v\r w • '• 
Where P is the partial pressure of water above the solid solution, 
w r ' 
_o 
P is the vapor pressure of pure ice at the same temperature, and y 
is the total mole fraction of all solute species in the solid solution. 
Since the solute consists of a number of (unknown) components, 
y = Z Y i (5,2) 
i 
where y. is the mole fraction of solute species i. Thus, 
P / P° = 1 - Y y. (5.3) 
wy w u 2 I v ' 
i 
; Clearly, the greater the total concentration of solute species present 
in the frozen liquid phase, the lower will be the vapor pressure of 
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water compared to that of pure ice at the same temperature. Of course, 
equation 5.3 is an oversimplification, since Raoult's Law is valid only 
for ideal solutions, and in view of the electrolytic nature of the fro-
zen liquid phase in meat, deviations are certainly to be expected. 
Nevertheless, equation 5.3 should serve to account for the influence 
of dissolved solute species to a degree of approximation sufficient for 
our purpose. A more accurate treatment of the solid solution behavior 
would require knowledge of the chemical and physical constitution of 
meat that we do not possess. 
The second effect has its origin in the influence of the curva-
ture of a surface on the vapor pressure. Consider two surfaces, one 
planar and the other with a concave indentation of radius r . The 
c 
molecules at the surface in the latter case are surrounded by more 
nearest neighbors than are the molecules at the planar surface. This 
is the molecular basis for the fact that the energy required to generate 
a unit area of fresh surface is less for a concave than for a planar 
surface. The surface free energy and the vapor pressure are accordingly 
lower for a concave surface. This result can be expressed thermody-
namically by the Gibbs-Kelvin equation which is presented in many refer-
ences such as Swalin (30), 
R Tfln(P /P ] = -2e V/r (5.4) 
g L x p °° S C 
where P and P refer to the vapor pressures above the concave and 
planar surfaces, respectively; e is the surface free energy of the 
solid in equilibrium with its vapor; V is the partial molar volume 
of the volatile substance; and R is the universal gas constant of 
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the volatile substance. Thus if the surface of a piece of beef muscle 
contains many concave indentations, the equilibrium vapor pressure will 
be lowered to an extent given by equation 5.4. Such concave indenta-
tions could exist at the openings of capillary-like channels in the 
meat» 
The third effect mentioned above is suggested by the possibility 
of the existence in the meat matrix of cavities which might by their 
size limit the extent to which ice crystals could grow. If the maximum 
size of the crystals is restricted to a small value in this manner, then 
the ratio of the surface area to the volume of these crystals would be 
large. This would in turn give rise to a surface free energy which 
would be higher than the surface free energy at a planar surface. This 
would in turn increase the vapor pressure of the water because at 
equilibrium, the chemical potential must be uniform throughout the 
system* 
To summarize, effects 1 and 2 would tend to cause a decrease in 
the equilibrium vapor pressure, while effect 3 would tend to increase 
it. We now proceed to estimate the magnitude of these effects. 
Consider first the effect of concave surfaces, effect 2. A 
capillary radius of 0*075 mm is suggested by the data of Luyet (3). 
Weast (31) gives a value for the surface free energy of 77 ergs/cm . 
Using these values in equation 5.4, the calculated vapor pressure de-
pression turns out to be less than 0.01 per cent. 
Regarding effect 3, we note that if the capillary radius of 
0,075 mm is also characteristic of the internal cavity size.i (as 'seems; to 
be the case),, then the increase in the vapor pressure due' to the; -; 
restriction of the size of crystals of ice will also be of the 
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order of 0.01 per cent. 
We thus see that the magnitude of effects 2 and 3 are both neglig-
ible compared to the observed vapor pressure depressions. 
We accordingly conclude that the lowering of the vapor pressure 
is due to the formation of a solid solution in the frozen liquid phase 
by dissolved solute species and ice. This conclusion immediately raises 
the question of why the vapor pressure of the frozen beef muscle is de-
pressed more than that of the frozen meat juice. To answer this question 
we shall use Figure 6, in which we depict an idealized model of meat 
which we shall use to interpret the vapor pressure data. The model de-
picted is essentially that of a cross-linked ionic network which is 
pervaded by an aqueous solution. The latter contains dissolved ionic 
species, and perhaps electrically neutral protein molecules. These 
solute species are mobile at temperatures above the freezing point. In 
addition to these solute species, however, there are also ions which are 
chemically bound to the polymer chains of the network, and there are 
other hydrophilic groups on these chains. As long as the aqueous phase 
remains inside the network, both these immobile ions and hydrophilic 
groups are able to act as solute species. However, when the aqueous 
phase is squeezed out of the network, only the mobile solute species are 
removed; those solute species that are permanently attached to the net-
work chains necessarily remain behind. Therefore, the total concen-
tration of solute species in the meat juice which is removed is less 
than the concentration present in the meat itself. It is for this 
reason that the vapor pressure of the frozen meat juice is higher than 
that of frozen meat. These ideas can be put ort a quantitative basis 
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Figure 6. Idealized Model of Meat.. 
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through use of equation 5.3. The results of such calculations are to 
be found in Table 1, where we tabulate the values y, the total mole 
fraction of solute species in the aqueous phase when the latter is 
inside the meat, and after it has been squeezed out. The variation 
of these calculated mole fractions with temperature is primarily due 
to the oversimplification that is introduced by the assumption of 
ideal solution behavior. The fourth column of Table 1 shows the incre-
ment in solute concentration between the frozen meat juice and the 
frozen meat itself. 
Table 1. Mole Fraction of Solute Species in 
the Solid Solution 
T ( O K ) ys yT. y-y, 
Ls 's 'Ls 
252.8 0.32 0.13 0.19 
255.5 ' 0.27 0.11 0.16 
258.3 0.19 0.11 0.08 
261.1 0.18 0.09 0.09 
263.9 0.15 0.09 . 0.06 
266.7 0-14 0.06 0.08 
269.4 0.15 0.05 0.10 
y - total mole fraction of solute species in 
(' the aqueous phase when the latter is in 
the meat 
y - total mole fraction of solute species in 
the aqueous phase after the latter has 
been squeezed out 
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Additional confirmation of our model of frozen meat can be obtained 
by examining the temperature dependence of the vapor pressure data. 
These data are plotted in the customary manner in Figure 7, as In p vs. 
l/T. TO interpret the slopes of the lines we use a variant of the Clausiu; 
Clapeyron equation, 
d In P P = - A H / R (5.5) 
where 
d rr 
AH - AfiSUB- A H M (5.6) 
AH - molar heat of sublimation of ice 
AR. - change in enthalpy occurring when one mole 
of ice is transferred to a solid solution 
over which the partial pressure is P. 
For convenience, we shall call AH the "heat of mixing." From the 
slopes of the lines in Figure? 7, and using a value of AH„ n R of 12,200 
cal/mole given by Keenan and Keyes (28), we find that 
and 
AH., = -2680 cal/mole for frozen bovine muscle 
AR. = -1030 cal/mole for frozen meat juice. 
The negative signs signify that the formation of the solid solution 
from ice and solute species is an exothermic process. The magnitudes 
indicate that considerably more heat is liberated in the formation of 
the solid solution in meat itself than in meat juice. In fact, the 
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Figure 7, Vapor Pressure vs. Reciprocal Temperature for 
Meat and Meat Juices. 
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enthalpy change for the process: 
1 mole H O in meat, juice —^-l mole I-LO in meat 
is AH' = -2680 cal/mole - (--1030 cal/mole) = -1650 cal/mole. These 
values are quite compatable with our ionic network model for meat. The 
excess enthalpy AH' = -1650 cal/mole represents, according to this model, 
the additional heat of hydration of ions and hydrophilic chain groups 
that occurs per mole of water when the water is inside the meat matrix. 
The foregoing analysis of the vapor pressure data assumes that 
the pressures measured were true equilibrium values. Effects due to 
the rate of transfer of water through membrane materials in the meat : 
have not been deemed significant. Partial justification for this simpli-
fication is to be found in the lack of hysteresis in the observed pressure-
temperature relationships, 
Using Figure 7, an empirical equation can be obtained for the 
equilibrium vapor pressure as a function of temperature for beef. Using 
the equation for a straight line gives 
p - exp(27.70 - 12900.O/T) (5.7) 
w 
where T is in °R and p in torr. 
Permeability Coefficient 
Effect of Thickness 
The derivation shown in Appendix B shows that the permeability 
defined by 
e(pm) = - FW L/p Ap 
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should be a function of pressure only for a given sample and temperature. 
Typical experimental results which are shown in Figure 8 for four samples 
of different lengths show that this is not the case for the measurements 
made. The samples were cut from the same piece of round steak and freeze-
dried under the same conditions. This figure shows that the permeability 
is definitely a function of the thickness. Entrance and exit losses due 
to the sudden contraction and expansion of the gas as it moves through 
the porous sample and the effect of a developing velocity profile at the 
capillary entrance cause a pressure drop which is independent of the 
sample thickness. Thus, from the definition of permeability it is seen 
that these effects would cause the permeability to be thickness depend-
ent. However, calculation by the author show that these effects have a 
negligible influence on the permeability of beef under the conditions 
stated. A plausible cause for the thickness dependence of the perme-
ability is "crimping" at the ends of the capillaries due to cutting the/ 
sample. This restriction of the capillary ends would reduce the mass 
flow by an amount which is only a function of average pressure and the 
total pressure gradient and not length since the crimping occurs at both 
ends independently of the sample thickness. Accounting for the decreased 
flow due to crimping, equation B.32 becomes 
W = - 1 - exp(-2r A ) 
B/PP B. 
. FL pm . 
+ B3^ exp(-2rcA) 
- k(p .Ap) (5.9) 
where k(p ,Ap) represents the influence of crimping and depends on the 
mean pressure and the pressure drop across the sample. An overall perme-
ability which includes the crimping effects will be defined analogously 
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Figure 8. Permeability vs. Pressure with Length as a Parameter. 
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to £ (p ) by 
£' = p,W'L/pAp 
Substituting equation 5.9 into 5.10 and using equation 5.8 gives 
e' = e(p ) - % - k(p ,Ap) 
Mir pAp vtrrr ^ 
Note thatH-I- k(p ,Ap)/pAp represents the contribution to the overall 
permeability £' due to crimping and could be a function of average 
pressure, pressure drop, sample thickness, and temperature. Thus 
for a sample with no crimping l̂ L, k(p ,Ap)/pAp = 0,. 
In order to show the effect of thickness on the permeability, 
a plot of overall permeability £' versus thickness for various pressures 
is given in Figure 9. All data shown are for a constant temperature of 
77°F. Mathematically, the slope of this plot represents 
P , = 8 t e l 
L 6L 
+ (&-Pm,T,Ap v6Ap 
) dAp_ 
P m ,T ,L
; dL 
6 6 ' 
where £ ' i s defined by — P ,T' 
Mir 
A useful result is obtained by plotting e' versus p . This plot 
L m 
is shown in Figure 10 and demonstrates that £' is approximately a function 
of average pressure only for a given sample and temperature. Thus, re-
gardless of the sample thickness or total pressure gradient e' can be 
calculated from 
e ' -• £ ' L + Constant (5.13) 
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Figure 10. e' Versus Pressure. 
Noting from Figure 9 that e' * 0 at L = 0 and substituting the equa-
tion for 6J obtained from Figure 10 into equation 5.13 gives 
e' ~ L(10) (13.5 - 10.8 In p ) 
m 
(5.14) 
where L is in feet, p in torr, and e1 in ft . Note that this result 
is valid for a temperature of 77 °F. £' can be modified for other 
temperatures as shown in the next section. 
Equation 5.14 is valid for the thickness effect of permeability 
when both ends of the capillaries are crimped. In the actual freeze-
drying situation only one end of the capillaries is crimped so that 
the thickness effect is only one half of that used in equation 5.14. 
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Consequently, an equation which can be used to predict permeability for 
the actual freeze-drying case is given by 
£' « -̂  L 10~8(l3.5 - 10.8 In p ) (5.16) 
z m 
Effect of Temperature 
Values for the permeability coefficient reported in this thesis 
are for an average temperature of approximately 77 °F. For the freeze-
drying situation the average temperature will be some what less; and, 
consequently, it is desirable to be able to calculate the effect of 
average temperature on the permeability coefficient. The following pro-
cedure. can be used to calculate the correction for temperature. 
For the Temperature at Which the Data was Taken. 
(1) Calculate^ from the equation given in (32) 
li = .17(10)"6T1,116 
where [i1 is in poise and T in °K„ 
(2) Assuming diffuse reflections use the definition of B 
and the calculated value of l-V to obtain the value of B_. 
o 
(3) Calculate X using the equation given in (33). 
X = (68.8)10"3/P 
where X is in mm and p in torr. 
(4) Calculate the magnitude of F(r A ) from its definition using 
the value of X obtained in step 3 and r = 0.075 mm as 
r c 
given by Luyet (3). 
(5) Calculate B„ from its definition,, 
(6) Assuming that P/t~ y calculate B from its definition. Note 
that B is not temperature dependent. 
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(7) Use the experimentally determined values of e1, the values 
of B , B , B , F(r /\) obtained in steps 1 through 6, and 
O +̂ Z) C 
the sample dimensions to calculate ̂ Lk(p ,Ap)/pAp from 
equation B.26. 
(8) Calculate k(p ,Ap) from the value of [J-Lk(p ,Ap)/pAp calcu-
lated in step 7. 
For the Temperature for Which the Permeability is Desired 
(9) Calculate p from 
p = (.17)10"6T1'116 
(10) Calculate B from its definition using the value of p ob-
tained' in step 9. 
(11) Calculate B from its definition. 
o 
(12) Using the value of B obtained in step 6 and the values of 
F(r /\) obtained in step 4 and the magnitude of k(p ,Ap) 
found in step 8, the values of B and B obtained in steps 
10 and 11, and the value of \L obtained in step 9, calculate 
e' for the desired temperature from equation 5.11. 
Variation with Different Samples 
The complete data for samples of different grades and cuts of 
beef steak frozen and dried at different rates are given in Appendix C. 
Comparison of the data for the entire range of sample tested accounting 
for the length dependence of the permeability shows a permeability vari-
ation of approximately 10 per cent. This variation is due to the differ-
ent pore size and arrangement which exists in the samples considered. 
In addition to the differences in physical make up of the grades and 
cuts of samples considered, the non-uniformity of pore structure is due 
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to the different rates used in the initial freezing of the sample. This 
latter effect is described in reference (3). 
Thermal Transpiration Effect 
Kennard (8) shows that for the region between viscous and molecular 
flow that a positive temperature gradient along the axis of a tube through 
which a gas flows will produce an increased flow rate over that of the 
isothermal flow. The equation for the case of non-uniform temperature is 
4 _2 
w =£d£ (i + 4- L-)^ + 4 n ^ 4 I (5.iv) 
w 8 14-RT r ' dx 4 1 dx v ' 
c 
where I = — •- RT 
s z. z 
The terms on the right side of equation 5.17 represent respectively the 
contributions to the mass flow due to a total pressure and temperature 
gradient. 
Since the temperature gradients in freeze-drying work are rela-
tively steep, it is desirable to ascertain whether the flow due to the 
temperature gradient can be neglected. The additional mass flow due to 
thermal transpiration for a positive temperature gradient should increase 
the permeability as defined by equation 5.10. Experimental data for 
calculation of the permeability were obtained for flow through a djiven 
sample with and without a temperature gradient. These data are plotted 
in Figure 11 and show that the transpiration effect is negligible in 
comparison to hydrodynamic flow. Note that experimentally a negative 




Figure 11. Effect of Thermal Transpiration on Permeability. 
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Confirmation of the experimental finding is obtained through 
calculation of the ratio of the transpiration flow to hydrodynamic 
flow from equation 5.17. This calculation shows that for the pressure 
range considered the ratio is less than 0.03. 
72 
CHAPTER VI 
DISCUSSION OF ANALYTICAL RESULTS 
Analytical Results of Chapter II 
Typical Results from Analytical Equations for Drying Rate 
The analytical equations for drying rate for cases 1 and 2 as 
derived in chapter II were solved with the aid of a digital computer. 
Pressures of 1, 2, and 3 torr were considered, and the following values 
of effective thermal conductivity (16) for the dried region (Region i) 
were used respectively: .026 B/ft-hr-°R, 0.028 B/ft-hr-°R, and 0.029 B/ 
ft-hr-°R. A value of 0.6 B/hr ft-°R as suggested by Miller (34) was 
used for the frozen layer thermal conductivity and the thermal diffusiv-
ity of the dried layer was taken as 0.06 ft'~/nr' All calculations were 
for a sample .125 feet thick. The interface position as a function of 
time obtained from these calculations is shown in Figure 12. The boundary 
conditions used are given in the Figure 12. 
The results shown in Figure 12 indicate three important obser-
vations: 
(1) The exact solution (case l) and quasi-steady solution case 2 
with the same boundary conditions yield almost identical results. Con-
sequently, the quasi-steady solution is sufficient for drying rates of 
the order considered in the calculations. 
(2) The drying rate decreases slightly with decreasing pressure 
for the pressure range 1 to 3 torr. Hardin (18) and Hatcher (21) have 










P=» torr, Ta=560°R, Tx=l =465.5 °R 
P=3 torr, To=560 °R, Tx=l=486.0 °R 
P=l torr, Tp=560 °R, T*= 1=465.5°R 
P=3torr, To=560°R, V I =486.0 °R 
P=l torr, TQ=560 °R, "6=465.5 °R,1= 488.0 °R 
P=2 torr, Tp=560°R, "6=475.5°R, 1=488.0°R 
P=3 torr, Tp=560°R, Ti=486.0oRJL=488.0*RJ 
90 120 
TIME (hr) 
150 180 210 
Figure 12. Interface Position Versus Time for Case 1 and Case 2. 
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decrease in drying time with pressure would cease at a pressure level 
sufficiently low that the volume flow rate is in excess of the capacity 
of the porous dried layer. 
(3) Back face heating (heat input from face at X = L) can tre-
mendously reduce the time required for freeze-drying. Figure 12 shows 
that for the same pressure back face heating reduces the drying time by 
approximately 70 per cent. This result is due to the fact that the 
thermal conductivity of the frozen layer is approximately 20 times that 
of the dried layer. Note, however, that a method must be obtained for 
eliminating drying from the back face. If drying occurs on the back 
face the effective thermal conductivity of the frozen layer will decrease 
greatly. This conclusion is also discussed by Hardin (18). 
Selection of Appropriate Boundary Conditions 
The following method was used in determining appropriate bound-
ary conditions in calculating the results for Chapter II: 
At the Position x = 0 
This temperature should be set as high as the food product can 
withstand without damaging the quality of the product. For beef a 
temperature of 100 °F is admissible. 
At the Position x = X 
This temperature has been found by experiment for a pressure 
greater than 0.5 torr and concentration of water nearly 1 to be set 
by the chamber pressure in the following manner. The temperature 
corresponds to the saturation temperature of the subliming phase of the 
food product at the chamber pressure. Thus, the data obtained for the 
vapor pressure of beef steak (see page 52) is very useful in analyzing 
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the freeze-drying process of this food product since for the analyti-
cal calculations one can decide on the chamber pressure and then immed-
iately determine the interface temperature from Figure 5. 
At the Position x = L 
This temperature should be maintained just under the melting 
temperature of the frozen meat which would be approximately 30 °F. 
Analytical Results of Chapter III 
Effective Average Diffusion Coefficient 
The experimental results for (D ) from measurements made on 
several samples of beef are given in Table 2. In addition, the values 
of (D ) calculated by using the theory presented in Chapter III are 
given for each of the conditions used in the experimental work. In 
applying the theory, a value for (D ) of l/3 the value for free dif-
fusion in air at atmospheric pressure as suggested by Harper and Chi-
chester (17) was used- It is seen that close agreement exists between 
these theoretical and experimental values of (D ) appearing in Table 2« 
Since different samples were used, the property variation of the samples 
can account for most of the deviation between theory and experiment., 
The final information presented in Table 2 is the value of (D ) 
predicted by the theory given in reference 17. A much wider discrepancy 
exists between this theory and the experimental data than exists for the 
analytical work of Chapter III. This lack of correlation probably lies 
in the assumption of reference (17) that the transfer modes of heat con-
duction and diffusion are analogous. As discussed in the introduction 
of Chapter III, these modes are not analogous; as a consequence, a large 









.015 ,,017 .031 
,019 .018 .028 
,012 .015 .028 
.010 .010 .021 
.017 .015 .020 
Table 2. Effective Average Diffusion Coefficient 
Average Pressure (D, ) Obtained (D,) Obtained (D, ) Calculated 3 t e t e t e 







Typical Results from Analytical Equations for Drying Rates 
The equations for the drying time given in Chapter III for the 
cases of back face drying were solved with the aid of a digital computer 
using the method outlined on page 32 , In addition equations 3.44 and 
3.46 for the case of no back face heating were solved simultaneously 
with the aid of a digital computer. Total chamber pressures of 1.0, 2.0, 
and 3.0 torr were considered with water-vapor partial pressures in the 
chamber of 50 to 60 per cent of the total pressure. The thermal con-
ductivities used were the same as used in the computation of the results 
for Chapter II (see page 72). All calculations are for a sample thick-
ness of .125 feet. Values of (D, ) estimated from the data given in 
ft2 
Table 2 of .017, .013, «011 — — corresponding to chamber pressures of 
1, 2, and 3 torr were used. For chamber pressures of 1, 2, and 3 torr 
the following values of £ estimated from Appendix C were used respectively: 
-0.00112, -0.0094;, and -0.00085 T T ~ T ^ -
• '• l b f h r 
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Using the results obtained from the equations of Chapter III, a 
plot of interface position versus time is shown in Figure 13 for the 
conditions on the graph. Note that the condition of heating from the 
back face is considered. The figure shows that the drying time in-
creases with increasing water-vapor concentration. Similar results 
were obtained from the special case of no back face heating. The com-
plete results from the computer are given in Appendix D. 
To understand the reason for the decreased drying rate consider 
a sample drying at a constant chamber pressure of 1 torr and face temper-
ature T of 560 °R. Let the initial partial pressure of the water-vapor 
in the chamber be 0.5 torr and look at the result of suddenly increasing 
this partial pressure to 0.6 torr. Since this decreases the concentra-
tion gradient between the interface and chamber the flow as given by 
equation 3.16 will decrease.* The accumulation of water-vapor at the 
interface will increase the partial pressure of the water-vapor and the 
temperature at the interface, Thus the concentration gradient will be 
increased and the mass flow will increase but not to its initial level 
since the temperature gradient and energy input have decreased. Con-
sequently, a new steady state condition of a smaller energy input and 
mass flow rate will be achieved. 
Interface Temperature 
A plot of interface temperature versus interface position for a 
total pressure of 2 torr and water-vapor partial pressures of 1.0 and 
1.2 torr is shown in Figure 14. Curves are shown with and without 
back face heating. Note that the analytical equations show the inter-
face temperature to be constant when there is no energy input from the 
TIME (hr) 























0.025 0.050 0.075 0.100 0.125 
INTERFACE POSITION (ft) 
Figure 14. Interface Temperature vs. Interface Position. 
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back face. In addition, it is seen that the interface temperature in-
creases with the increase of water-vapor concentration in the chamber. 
An explanation for this result is given in the previous section. 
The validity of the assumed interface temperature used as a 
boundary condition in the calculation of the results for Chapter II was 
checked by plotting chamber water-vapor concentration versus interface 
temperature. This plot, Figure 15, is for the following conditions: 
back face heating, chamber pressure of 2 torr, and interface positions 
X/L of 0.09 and 0.5. Note that as the chamber water-vapor concentration 
approaches 1.0 for small values of X/L (for example .09), the interface 
temperature approaches a value equal to the saturation temperature of 
meat for the chamber pressure. This corresponds to the assumption in 
Chapter II. However, at larger values of X/L (for example 0.5) the inter 
face temperature becomes larger than the saturation temperature corre-
sponding to the chamber pressure. Thus, the boundary condition used in 
Chapter II is valid during the initial stages of drying for high chamber 
water-vapor concentrations. Therefore, the results are only an approxi-
mation to the complete solution as given in Chapter III, but they are 
easier to apply and give fairly accurate results as can be .seen in a 
perusal of Appendix D. 
Relative Contribution of Bulk and Hydrodynamic Flow 
There has been considerable discussion concerning the relative 
contributions of hydrodynamic and diffusional flow in freeze-drying. 
With the derivation of equation 3.20 and the determination of the 
effective diffusion coefficient it is possible to quantitatively esti-










CHAMBER CONCENTRATION ("SfeifSr1 ) 
Figure 15. Interface Temperature Versus Chamber 
Concentration. 
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form of equation 3.20 assuming pD^.e independent of concentration is 
pD, dy 
M te yw , ... 
w RT dx W W 
(6.1) 
Bird, et al (12) point out that the terms on the right hand side of 
equation 6.1 represent the molar transport of water-vapor due to con-
centration diffusion and hydrodynamic flow respectively. Substituting 
equation 3.24 into 6.1, approximating dy /dx by (y n - y )/x and y by 
w wU wX ' w 
(YwO + y w X ) / 2 9 i v e S 
M = _ Pt)^e Yw0 YwX yw0 + YwX - Ap_ 
w RT " X 2 £ X 
(6.2) 
For convenience define 
<f> = Diffusional Transport 
Hydrodynamic Transport (6.3) 
Substituting the terms of equation 6.2 representing the diffusional and 
hydrodynamic transport rates into equation 6.3 and simplifying gives 
2p D 
0 = te 
eRTAp 
ywX yw0 
y + y n 
7wx 7w0 
(6.4) 
From equation 6.4 it is seen that increasing concentration gradients will 
increase the diffusional flux with respect to the hydrodynamic flow 
while increasing the total pressure gradient has the opposite effect. 
This result is to be expected when it is recognized that diffusional 
flow is due to a concentration gradient and hydrodynamic flow is due to 
a total pressure gradient. To indicate .typical lvalues for <£, the results 
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of Chapter III were used in conjunction with equation 6.4 in obtaining 
Figure 16, which is a plot of $ versus chamber water-vapor concentra-
tion for a chamber pressure of 2 torr and a interface position X = .0625 
feet. The property values and dimensions for the sample considered are 
the same as those used in calculating typical results for Chapter III 
























CHAMBER CONCENTRATION ( gjgjel of m?xf") 
Figure 16. Ratio of Diffusional to Hydrodynamic Transport 




The major conclusions to be drawn from the experimental and 
theoretical investigation of this work are:: 
1. The equilibrium vapor pressure of frozen beef is depressed 
from that of pure ice. In addition, the latent heat of sublimation is 
greater for frozen beef than pure ice. Both effects are attributable 
to the dissolved solute species in the meat. 
2. The permeability coefficient varies about 10 per cent with 
different grades, cuts and preparation of beef samples used,, In addi-
tion, the permeability is thickness dependent possibly due to crimping 
at the ends of the capillary tubes. The temperature effect on perme-
ability can be accounted for using the procedure outlined beginning 
page 67. 
3. The effective average diffusion coefficient can not be 
accurately predicted from knowledge of the thermal conductivity as 
suggested by Harper (17). Equations 3.15 and 3.16 can be used as out-
lined on page 32 to calculate the effective diffusion coefficient. 
Equations 3.15 and 3.16 were substantiated by experiment. 
4. The thermal transpiration effect results in less than 3 per 
cent of the total flow and can be neglected for practical calculations,. 
5. Comparison of the exact and quasi-steady solution of Chapter 
II for the same boundary conditions show that the quasi-steady solution 
is sufficiently accurate for practical purposes. 
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6. The quasi-steady solution given in Chapter II is a relatively 
good approximation to the more refined solution of Chapter III and is 
much easier to utilize for practical calculations. However, it does 
not give a good insight into the mechanisms of heat and mass transport 
in freeze-drying. 
7. The results of Chapter III show the interface temperature 
is a function of the heat input to the interface from the frozen region 
(Region II), the chamber total pressure and! water-vapor partial pressure, 
and interface positions. The analytical development of Chapter III 
allows the determination of the interface temperature from knowledge 
of the boundary conditions external to the frozen sample. 
8. The results of Chapter III show that faster drying is achieved 
by decreasing the chamber pressure, decreasing the chamber partial pres-
sure, and heating from the back face. The first two methods are not 
ideal for obtaining faster drying rates since equipment and operation 
costs rise rapidly with decreased total or partial vapor pressure, the 
drying rate increases very slowly with decreased pressure (for example 
see Figure 12), and pressures which are too low can produce tempera-
tures which damage the meat quality (see Reference 3). The third method 
seems to have tremendous potential in achieving optimum drying conditions 
as can be seen in Figure 12. 
9. Using the equations developed in Chapter III; along with 
equation 6.4 the ratio of mass flux due to diffusional flow to hydrody-
namic flow can be calculated. Figure 16 shows typical values of this 
ratio as a function of chamber concentration. 
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APPENDIX A 
DERIVATION OF ENERGY EQUATION 
Model and General Assumptions 
For Case 1: 
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Figure 17. Model of Freeze-Drying Process. 
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The dried layer is idealized as a bundle of straight circular 
capillary tubes through which the vapor streams,, All heat transfer and 
fluid flow is assumed to be one dimensional. Due to experimental evidence 
(11) the local vapor temperature and dried food product temperature are 
assumed equal„ The thermal properties of the meat are assumed constant 
for each region and, in addition, effective values are defined as follows 
so that the conventional energy equation can be applied: 
k . = 6 k + (1 - d)kn (A.l) 
el v ' D v ' 
a .. = 6 a + (1 - a)an (A,2) 
el v D 
Derivation of Governing Differential Equation for Case 1 
For Region I 
Consider the control volume taken from region I and shown in 
Figure 18o 
/— Unit Area 
anBB̂ - Mass Flux 
-4$Ha» Heat Flux 
x+Ax x 
+ X < _ 
Figure 180 Energy Control Volume for Region I„ 
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The conservation of energy for the control volume is 
6T 
-k el 8x + WC TT x p i - k el 6x ^A + WC T x+Ax p x+Ax 
= Ax 
ael 9 t 
(Ao3) 
where the first two terms represent the energy conducted and convected 
into the control volume, the next two terms represent the energy conducted 
and convected out of the control volume-, and the remaining term represents 
the increase in energy of the control volume,, If equation A„3 is divided 
through by Axk and multiplied by a and the limit taken as Ax -• 0, 
it reduces to 
2 
a T i V V E I a T i a T i 
e I ax2 - « " "K~ ax ~ at 
(A.4) 
The mass flow rate is given by 
" Pid dt 
Making this substitution in equation A.,4 gives 





dt 3x at (A.5) 
Calculations by the author based on experimental data show that the con-
vective contribution is less than five per cent of the total heat trans-
fer requiredo Also it is known that if the convection is neglected the 
well known Neumann solution is valid which requires that X be proportional 
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to the square root of time,, Therefore, it seems logical to assume for 
this case in which the convection contribution is small that the inter-
face position is approximately proportional to the square root of timeQ 
Writing this assumption in equation form 
X = b |/T (Ao6) 
Also it is convenient to define 
p.tf C a T 
v = * P 6 I (A.7) 
el 
Substituting equations A„6 and AQ7 into equation A„5 yields 
3TT . 6TT 6
2TT 
I b I 1 ,. 0x 
^'v7f^'-a^7J ( A ° 8 ) 
where it is recognized from equation Ac6 that 
dX 
dt 2 /T 
(A.9) 
For Region II 
The same energy balance can be applied to this region with the 
exception that there is no convection term* Then from equation AQ8 the 
governing differential equation for this region can be written down by 
inspection by deleting the convection contributiono Thus, the equation 
is 
aTn a2jn 
— = a — (AolO) 
9t n ax2 
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Model and General Assumptions 
For Case 2 
The physical model is again the same as that appearing in Figure 
17 with the exception that the face at x = L is not insulated,, We again 
make the same assumptions as for case 1 (see page 9 ) with the additional 
assumption that quasi-steady conditions exist. This assumption requires 
that the space rate of change of properties is much larger than the time 
rate of change. The boundary conditions for case II (see page 15 ) 
require this additional assumption if a closed form solution is desired 
because of their increased complexity as compared with those for the first 
model. 
Derivation of Governing Differential Equations for Case 2 
For Region I 
The differential equation will be the same as that for the first 
case (equation A»5) with the exception that the unsteady term is omitted, 
i.e. 




v = -P» (A. 12) 
kel 





_I - dX dT 
2 dt dx 
= 0 (A.13) 
For Region II 
The differential equation for this region will be the same as 





ANALYSIS OF HYDRODYNAMIC FLOW IN POROUS MEDIA 
Introduction 
It is desirable to make an analysis of the mass flow situation 
in freeze-dried beef in order to determine the relationship between 
the various flow properties. Although various aspects of flow through 
porous material have been studied by different investigators, a com-
pilation of their work has not appeared in the literature. The fol-
lowing analysis is chiefly a compilation of the work found in references 
9 and 13. 
This study presents equations valid for single or multi-
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Figure 19. Control Volume for Mass Transport Analysis. 
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General Conservation of Mass Equation 
In order to derive the conservation of mass equation the element 
shown shaded in Figure 19 will be considered*, This equation is 
pAu - pAu a 
X+AX = £( PAAx) (B.l) 
where the first term represents mass of vapor in per unit time, the 
second term represents mass of vapor out per unit time and the last term 
represents rate of mass accumulation,. Substituting the perfect gas equa-
tion of state into equation ELI gives 
fe Au - £? Au 
RT X RT X+&X - & [ &
A 4 » (B.2) 
For constant area equation B02 becomes on taking the limit as Ax -*»• 0, 







General Momentum Equation 
The method used to analyze the momentum transport in the porous 
material is to consider the material to be a bundle of capillaries of 
circular cross sections as illustrated in Figure 18o It will be suf-
ficient to analyze the flow in a single capillary and modify the results 
for the porous media. An element of gas taken out of the capillary is 
shown in Figure 20* 
From Newton's law for the element shown in Figure 20 the follow-
ing equation is obtained 
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a Fx • aT <V> (B.4) 
where forces are considered positive in the positive x direction and 
m is mass of gas in element. The net forces acting on the element are 
now substituted into the left side of equation B.4 and the argument of 
the left side is expanded to yield 
2itr Ar p I - 2nr Ar p 
|x x/
 + 2 * r ^ 
x+Ax ' $r (Ax) 
r+Ar 
2 it r u, — r dr (*«) - £ RT u 2rcrAr Ax (B.5) 
These force terms represent the pressure force at x, the pressure force 
at x + Ax, the viscous force on the surface at r + Ar, and the viscous 
X+AX 
Figure 20. Element of Gas From Capillary. 
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force on the surface at r respectively,, Rearranging and taking the 
limit of equation B„4 as both &x -*K) £ Ar -^ 0 results in the following 
differential equation,, 
r 5 S + a? ( r t i aF} " ra"t JSLul 
. RT J 
(3 .6) 
This is the final form of the general momentum equation to be utilizedo 
Solution of Governing Equations for Transition Flow 
Equations B02 and B„6 will be simplified by assuming quasi-steady 
flow (i0e„ the time derivatives are negligible with respect to the space 
derivatives)0 Equation B03 can then be written as a total differential 





u = 0 (Bo 7) 
In order to obtain a simplified momentum equation, the additional 
assumptions of constant density and viscosity and fully developed flow 
are made,, With these additional assumptions which have been found valid 
by preliminary calculations based on expected average values., the follow-
ing equation is obtained from equation B„6 
I dp. = I _1 / _du_ v 
H dx r dr dr 
(Bos; 
Noting that the left side of equation B.8 is a function of x 
only and the right side a function of r only it is seen that both sides 
must be equal to the same constanto Therefore 
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i ^ = li(rii) =c„ (B.9) 
\i dx r dr dr 13 
Integrating gives 
p = p, C12x + C 1 3 (B.10) 
Applying the boundary conditions that p = p at x = 0 and p = pT at 
x = L to equation B.10 gives 
P - P 
~ L o 1 d / du x /D .., N 
C.n = ^ = - j - (r -:— ) (Boil) 
12 p,L r dr dr 
Integration of equation Boll yields on observing that u must be defined 
at r = 0 
u = -jp r2 + C 1 4 (B.12) 
Applying equation Bdl to BQ12 gives 
u = i -LJ--2 r2 + C14 (B.13) 
The constant C will be determined by choosing an appropriate 
wall boundary condition. For the case under consideration, the mean free 
path x is approximately equal to the diameter of the tube0 This condi-
tion results in the so-called "slip flow" in which a velocity exists at 
the wallo The following definition is made for a force coefficient at 
the wall 
F n 
C_ = T wa^X- . r (B.14) 
F (ue it 2rc L) 
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where F .. is the viscous force on the wallo wall 
Applying Newton's law to all of the vapor contained in a capillary 
tube it can be shown that 
3u 2-rtr Ar p^ - 2-rcr lir pf - Cc 2itr Lu^ + 2^r L (-^ -~ )|^_^ * 0 (B.15) 
c o 'L F *"'"•• ~"o ' *"' "
 N r 6r '|r='r 
Taking the limit as Ar -* 0 and rearranging gives: 
u. du u. = - £- T -C_ dr r 
(B.16) 
rs'r, 
Taking the derivative of equation B.13, evaluating at r = r > and substi-
tuting into equation B,16 gives: 
= . JL 2 Pi " P, 
rSrc C F 2tiL 
(Bol7) 
Thus, the boundary condition at the wall in terms of a force coefficient 
has been obtained. Substituting equation B017 into equation B„13 and 
evaluating at r = r gives on rearrangement 
'14 
P> - p 
L 0 
4^L ,#- 2'r + r * u_ c c (B.18) 
Substituting equation Ba18 into equation B013 gives the desired expres-
sion for the velocity distribution in terms of the force coefficient 
u = -
PL - p o 




To obtain the mass flow rate, it is necessary to integrate the product 
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of the local velocity given by equation B.19, the differential area, and 
gas density over the entire cross-sectional area as shown below 
W 
j. „ 
= - [ 2-rcrp 
L 0 
4^L 
U • 2 2 , 
7T- 2r •+ r - r dr (B.20) 
Integrating and evaluating the limits gives 
W = -
*(pL " P o ) p 4 
8jiL 
1 + ^ ± 
" " c J 
(B.21) 
The ratio n/C_ is called the coefficient of slip° For diffuse reflec-
tions of a Maxwellian gas the coefficient can be determined analytically 





(2^) (Bo 22) 
Substituting this expression into equation B.21 gives 
W = - -
* P ( P L - P 0 ) 4 
8^L 1 + P " 
m 
fa RT 
2M ^ S r -
c 
(Bo23) 
Equation B,23 is valid for slip flow through a single capillary. Sev-
eral corrections enumerated below will make equation B«23 valid for use 
with porous media„ 
(l) W has units of ft°/(uni.t area of capillary) (sec) in equation 
B.23o To get total flow in a unit area of food sample we must multiply 
by the capillary area divided by the food product surface area. This 
ratio is defined as the porosity d. 
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(2) The vapor actually travels a longer, tortuous path through 
the food sample so that equation B„23 must be corrected by multiplying 
the length by the tortuosity factor T. 
(3) In addition, a first order correction for the nonroundness 
and other irregularities of the capillaries can be made by multiplying 
equation Bo23 by a constant r. 
Applying the above corrections to equation B.23 gives the following 
equation valid for slip flow through porous media. 
*<PL - Po> ;4 
W = - P P 8t.LT *c e 
1 + JL M I (2_̂ S ) ± 




AP = PT - P^ L 0 




7t RT 2 -S _4_ 
2M S r ^ 
c 
Substituting equations B025 through B„27 into equation B024 gives 
(B»27) 





Note that B 4 and B are only functions of the porous material, average 
temperature, and gas flowing and should be constant for a given gas, 
temperature, and porous sample.Scott (13) points out that equation Bo28 
fails to correlate experimental data for flow through porous media. The 
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reason for this failure is attributed to the fact that in the derivation 
of the slip flow term all of the molecules were assumed to have under-
gone intermolecular collisions between two successive wall collisions, 
At r A approximately equal to l/2 it seems logical that a fraction of 
the molecules do not undergo these intermolecular collisions. A modifi-
cation of equation B.28 is required to take this into account,. We assume 
a certain fraction of the molecules F(r /V) do not undergo intermolecular 
collisions. This fraction to a first approximation is considered to flow 
as described by Knudsen's equation for molecular streaming. Equation B.28 
is assumed to describe properly the remaining fraction of the molecules, 
With this background equation B.28 can be modified as follows 




+ B3 ^ F('rcA) (B.29) 
where B is a constant given by kinetic theory (13) 
16r3 1/2 
B = - ^ - (— ) 3 3mL V8KT ' 
By use of kinetic theory assuming diffuse reflections and a long 




F(r /\) = - I sin 9 cos 9 exp 
2r 
/ coiJE.N _ £ 
v sin 9; \ 
dBd<p (Bo 30) 
For small values of r /k such as encountered in this case equation B„30 
can be integrated by numerical integration to give 
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F ( r c / \ ) = e x p ( - 2 r c A ) (B.31) 
S u b s t i t u t i n g equat ion B.31 i n t o equat ion B.29 y i e l d s on rearrangement 
W = - [1 - e x p ( - 2 r A ) ] 
B.App 3_ | A n 
(1 + = S ) + 3, ^ exp(-2r A) (3.32) d ' J uL v P '\ 3 L 
For continuous flow exp(-2r A ) -** 0 and 3_ « p „ Therefore for con-
^s d ' 2 Km 
tinuous transport 
- ̂ - = B„ (Bo33) 
pAp 4 
But for continuous flow through a porous material Darcy's law (10) is 
known to apply 
"--P?¥ (B.34) 
where en is called the permeability*. From comparison of equations B033 
and Bo34 it is seen that 
eD = B4 (B.35) 
Thus, B. represents the permeability for continuous transport, i0e0 the 
permeability as defined in Darcy's law. By analogy with Darcy's law for 
the present case of transition flow, the permeability will be defined by 
e(p) = - ttSt (B.36) 
m p̂ ip 
By comparing equations Ba32 and B„36 it is seen that 
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e(Pm) = + [1 -exp(-2rcA)][B4(l + B 5 / P J ] + ̂  exp(-2rcA) (B.37) 
where the permeability has been symbolized by e (p ) to emphasize that 
it is a function of average pressure whereas en was not pressure depen-
dento Expressing the density by the ideal gas law in equation Bo36 gives 
the final form of the momentum equation for transition flow,, 
6 (P,J An 





Table 3o Experimental Permeability Data 
Method* p (torr) Ap(torr) W (—£p ) L(cm) e»(Sq ftJxlO
1 
cm sec 
2 0,70 0.50 0.13 3.17 2.56 
2 0.86 0.38 0.10 3.17 2.01 
2 1.62 0.28 0.05 3.17 0.72 
2 3.00 0.24 0.03 3.17 0.28 
2 3.76 0.1.9 0.01 3.17 0.17 
2 1.78 0.27 0.04 3.17 0.64 
2 0.51 0.37 0.08 2.14 1.92 
2 1.24 0.55 0.12 3.17 1.19 
2 2.00 0.39 0.06 3.17 0.54 
2 3.62 0.25 0.04 3.17 0.35 
1 0.72 0.43 0.08 3.17 1.76 
1 0.73 0.3.1 0.07 3.17 2.17 
1 0.77 0.24 0.06 3.17 2.31 
1 0.81 0.18 0.03 3.17 1.57 
1 0.46 0.10 0.05 2.54 6.79 
1 1.06 0.28 0.06 3.56 1.69 
1 0.69 0.15 0.06 1.27 1.53 
1 0.86 0.26 0.05 3.42 1.85 
1 0.61 0.12 0.04 2.54 2.76 
1 0.69 0.31 0.05 2.42 1.18 
1 0.93 0.34 0.04 3.05 0.89 
1 0.86 0.40 0.06 2.30 0.88 
1 0.56 0.04 0.02 2.80 6.20 
1 0.62 , 0 . 1 2 0.04 2.21 2.39 
2 0.71 ' 0.48 0.09 3.18 1.84 
tt 
Method refers to the apparatus used as described and defined in 
Chapter IV. 
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Table 3. Experimental Permeability Data (continued) 
Method p (torr) Ap(torr) W ( — T ^ 1 — ) L(cm) e'(sq ft) x 101 
cm sec 
2 1.42 0.43 0.08 3.18 0.97 
2 1.72 0.36 0.09 3.18 0.96 
2 2.83 0.25 0.04 3.18 0.46 
2 0.62 0.45 0.04 1.90 0.68 
2 4.12 0.24 0.03 1.90 0.14 
2 0.53 0.37 0.05 1.90 1.10 
2 1.44 0.21 0.05 1.90 0.86 
2 0.73 0.43 0.10 3.55 2.37 
2 1.75 0.28 0.06 3.55 0.97 
2 2.74 0.24 0.04 3.55 0.50 
2 2.50 0.13 0.03 1.90 0.41 
2 0.51 0.39 0.11 2.20 2.52 
2 0.59 0.31 0.07 2.20 1.89 
2 0.97 0.20 0.04 2.20 1.08 
2 2.37 0.27 0.03 2.20 0.24 
2 0.89 0.37 0.08 2.41 1.25 
2 1.87 0.25 0.05 2.41 0.59 
2 0.60 0.20 0.04 2.20 1.78 
2 0.59 0.13 0.04 2.20 2.50 
2 0.62 0.12 0.04 2.20 2.38 
2 0.62 0.12 0.04 2.54 2.79 
2 0.63 0.10 0.03 2.54 2.53 




The following property values and dimensions were used in the 
calculation of the succeeding results: 
L = .125 ft. 
H = 1220 B/lbm 
C =0.46 B/lbm °R 
a = 0.06 ft2/hr 
k = 0.06 B/ft-hr °R 
n 
k T = 0.026 for p = 1 torr el v 
= 0.028 for p = 2 torr 
= 0.029 for p = 3 torr 
The thermal boundary conditions used were 
T = 560 °R 
o 
T. = T for no back face heating 
T = 488 °R for back face heating 
T = equilibrium temperature of beef for the 
chamber pressure (cases I and II) 
T = determined analytically in the results 
of Chapter III. 
Table 4. Computer Results for Case 1 and 2 
Time Required to Reach Interface Position (hrs)  
X/L ___ Case 1 Case 2. NoJBack-Face Heating Case 2. B&ck Face Heating 
P =1 torr P =2 torr P =3 torr P =1 torr P =2 torr P =3 torr P =1 torr P =2 torr P =3 torr 
_o o o o o o o o o 
0.05 0 . 8 0 . 8 0 . 8 0 . 8 0 . 8 0 . 8 0 . 6 0 . 6 0 . 7 
0.10 2 . 2 2 . 3 2 . 5 2 . 0 2 . 1 2 . 3 1.5 1.7 2 . 3 
0.15 4 . 7 4 . 8 5.,75 4 . 5 4 . 7 5 . 0 2 . 8 3 . 5 5 . 0 
0.20 8 . 0 8 .5 9 . 0 8 . 0 8 . 3 9 . 1 4 . 8 5 . 6 8 . 8 
0.25 12.6 13.2 14.2 12.6 13.0 14.3 6 . 2 . 8 . 1 13.3 
0.30 T O O l U . / i 18.5 20.5 18.2 18.8 20.7 8 . 0 10.3 18.9 
0.35 24.8 25.8 27.8 24.7 25.7 28.0 9 . 7 13.4 25.1 
0.40 32 .0 33.0 36.0 32.2 33.4 36.7 11.7 16.1 32.1 
0.45 40 .2 41 .5 46.2 40.7 42.2 46 .3 13.3 18.7 39.6 
0.50 49.5 51.5 56.5 50.4 52.0 52.3 14.8 21 .3 47.8 
0.55 59 .5 62.5 68 .5 60.9 63.1 69.3 16.3 23.7 56.2 
0.60 71.0 74.0 81.0 72.5 75.2 82 .5 17.7 26.0 64.8 
U . O J 83 .5 86.5 95.5 85 .1 88.0 96.3 18.9 28.0 73.6 
0.70 96 .0 99.5 110.5 98.8 102.2 112.2 20.1 29.9 82.0 
0.75 110.5 115.2 127.0 113.3 117.3 128.5 21.5 31 .5 90.2 
0.80 126.0 131.0 144.0 129.0 133.5 146.7 21.8 32.9 98.0 
0.85 142.0 148.0 163.0 145.0 150.7 165.3 22.3 33.9 104.4 
0.90 158.0 165.0 179.0 162.0 169.0 186.0 22.8 34.7 109.3 
0.95 177.0 184.0 203.0 180.0 188.0 206.7 23.3 35 .3 113.2 
1.00 196.0 204.0 225.0 200.0 208.0 228 .0 , L 24.0 36.0 115.0 
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Table 6. Computer Results for Chapter III -
No Back Face Heating 
X/L Time Required to Reach Interface Position (hrs) 
p = 0.5(p ) p = 0o6(p ) 
rw xro rw ro 
p =1 torr p =2 torr p =3 torr p =1 torr p =2 torr p =3 torr ro 0 o 0 o o 
*T=459.6 T =469.8 Tv =475.8 T =461.1 T =471.7 T =478.0 
0.05 0.5 0.5 0.5 0.5 0.5 0.5 
OolO 1*9 1.9 2.0 1.9 2.0 2.1 
0.15 4.2 4o4 4.5 4.3 4.4 4.6 
0,20 6,8 7.7 8.0 7.7 7.9 8.2 
0.25 11.7 12.1 12.5 11.9 12.3 12.8 
0.30 16,9 17.4 18.0 17.2 17.8 18.5 
0o35 23.0 23.7 24.5 23.3 24.2 25,1 
0.40 30.1 31.0 32.0 30 0 5 31.6 32,8 
0.45 38.0 39.2 40.5 38.6 40.0 41.5 
0o50 47.0 48.4 50.0 47.6 49.4 51.3 
0.55 56.8 58.5 60.4 57.7 59.7 62.0 
0.60 67.6 69.6 71.9 68. 6 71.1 73.8 
0.65 79.4 81.7 84.4 80.5 83.4 86.6 
0.70 92.1 94.8 97.9 93.4 96.8 100,5 
0.75 105.7 108.8 112.4 107o2 lllol 115.3 
0.80 120.2 123.8 127.9 122.0 126.4 131.2 
0.85 135.7 139.8 144.3 137.7 142.7 148.2 
0.90 152.2 156,7 161.8 154.4 160.0 166.1 
0.95 169.6 17406 180.3 172.0 178.3 185.1 
1.00 187.9 193.5 199.8 198.6 197.5 205.1 
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